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ABSTRACT
ABELIAN - NON ABELIAN MIXING AND COSMIC INFLATION IN
BORN-INFELD TYPE GRAVITY
General Relativity (GR), which forms the basic framework for understanding cos-
mological and astrophysical phenomena, is based solely on general covariance. There-
fore, the theory admits extensions regarding various phenomena related to inflation, mas-
sive gravity, dark energy etc.
In this thesis work we study Born-Infeld type extensions of the GR. There are
mainly two parts in the thesis: The extension based on Ricci tensor (already known in
literature) and a novel extension based on Riemann tensor. We call them respectively
Born-Infeld-Einstein (BIE) and Born-Infeld-Riemann (BIR) extensions. The BIR for-
malism is being proposed and studied in this thesis work. In a comparative fashion, we
study these two extensions for determining their implications for
1. Mixing between Abelian and Non-Abelian gauge fields, and
2. Inflationary phase of cosmic evolution.
As we prove explicitly, the two approaches yield distinct predictions for these phenomena.
We emphasize that a slow-roll inflationary dynamics is naturally realized in BIR. The
mixing between Abelian and Non-Abelian sectors enables cosmic photon production in
inflationary phase.
iv
O¨ZET
BORN-INFELD KU¨TLE C¸EKI˙M KURAMLARINDA
ABELYEN - ABELYEN OLMAYAN KARIS¸IMI VE KOZMI˙K S¸I˙S¸ME
Kozmolojik ve astrofiziksel olguların anlas¸ılabilmesi ic¸in temel bir c¸erc¸eve olan
Genel Go¨relilik (GR), genel kovaryans ilkesine bag˘lıdır. Buna go¨re, bu kuram kozmik
s¸is¸me, karanlık enerji gibi deg˘is¸ik olguları ac¸ıklayabilecek genis¸letilmelere izin verir.
Bu tezde GR’ın Born-Infeld tu¨ru¨ genis¸letilmis¸ formları u¨zerinde c¸alıs¸tık. Esas
olarak bu tez iki bo¨lu¨me ayrılmıs¸tır: Ricci tenso¨ru¨ne bag˘lı bir genis¸letme (bu tarz bir
genis¸letme literatu¨rde bulunmaktadır) ve Riemann tenso¨ru¨nu¨n kendisine bag˘lı, alıs¸ılmıs¸ın
dıs¸ında bir genis¸letme. Sırasıyla bunlar Born-Infeld-Einstein ve Born-Infeld-Riemann
(BIE ve BIR) olarak adlandırılır. Bu tezde, bu iki yaklas¸ımın
1. Abelyen ve Abelyen olmayan ayar alanlarının karıs¸ımı
2. Kozmik evrimin s¸is¸me fazı
durumlarındaki etkileri u¨zerinde c¸alıs¸tık. Ac¸ık bir s¸ekilde go¨sterdig˘imiz gibi, bu iki
yaklas¸ım yukarıda verilen olgular ic¸in farklı o¨ngo¨ru¨ler sag˘lar. Bu tezde kozmik s¸is¸menin
dinamig˘inin dog˘al bir yolla BIR’dan c¸ıktıg˘ını ve Abelyen ve Abelyen olmayan alanların
karıs¸ımının, evrenin s¸is¸me fazında kozmik foton u¨retimine izin verdig˘ini go¨sterdik.
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CHAPTER 1
INTRODUCTION
Understanding of Universe has been a giant puzzle since ancient times. Observa-
tions and experiments showed that it was born with Big Bang and then started to expand.
This expansion caused to form of subatomic particles such as quarks, leptons and then
fundamental interactions of nature. Now, we know that there are four fundamental inter-
actions which are Electromagnetism, Weak Interaction, Strong Interaction and Gravita-
tion. All theoretical physicist’s dream is to unify these fundamental interactions. In the
second half of the 20th century, Electromagnetism and Weak Interaction was unified in a
theory which was called as Electroweak Theory. Moreover, Strong Interaction was added
to them and this model was called as Standard Model.
So then, what about Gravitation?
Einstein gave a different perspective to gravity in the paper of General Relativity
(GR) in 1916. He claimed that Gravity is the effects of curving of spacetime. Until now, it
passed a numerous experimental tests. However, it still posses some problems at galactic
and large scales. For example, it needs extra ingredients, called as Dark Matter and Dark
Energy, to explain galaxy rotation curves. The another way to explain phenomena which
could not explained by GR is to modify General Relativity. There are several types of
modification and one of them is Born-Infeld Type Gravity (Born-Infeld, 1934). There
are some papers which claim that Born-Infeld Type Gravity could explain galaxy rotation
curves without Dark Matter (Banados, 2008).
In addition to the possibility of explaining phenomena which GR could not ex-
plain, Born- Infeld Type Gravity theories also give a chance to unify gravitation with other
interactions. In this thesis, we worked on Born-Infeld-Einstein gravity which is obtained
by using rank-2 tensor fields such as Ricci tensor and Metric tensor. Also we analyse
Born-Infeld-Riemann Gravity which is obtained by using rank-4 tensor fields, especially
Riemann tensor itself. Hence, to see their cosmological implications, we examine both
theories in homogeneous and isotropic background, FRW background.
In this thesis we use metric theory of gravity and natural units. Detailed explana-
tion is given in Appendix A.
The thesis was organised as follows. In Chapter 2, we gave a brief summary about
gauge theories. Especially we examined Abelian Gauge Theories and Non Abelian Gauge
1
Theories to understand the importance of the mixing of these terms.
In Chapter 3, we explain Born-Infeld Theory and give their detailed calculations.
As a result of this chapter we noticed that what the determinant notion give us.
In Chapter 4, we explain original Born-Infeld-Einstein Theory and then examine
what happens if we add some new terms to the action and we realize that our modification
brings in Abelian -Non Abelian Mixing naturally.
In Chapter 5, we analyse Born-Infeld-Riemann Gravity and its solutions due to
our modification. This type of modification gave us Abelian-Non Abelian mixing terms
naturally too.
In Chapter 6, firstly we introduced inflationary cosmology briefly, then analysed
both Born- Infeld- Einstein and Born- Infeld- Riemann type modification in Friedmann-
Robertson- Walker (FRW)background. From there, a question occurs: These modifica-
tions gave us inflation?
Finally, in Chapter 7 we concluded the thesis.
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CHAPTER 2
GAUGE THEORIES
Symmetries are the most important concept of the physics. Noether Theorem says
that, if a quantity remains invariant under appropriate changes, then there should be sym-
metry. We can classify symmetry in two parts: Discrete and Continuous symmetries.
Lattice symmetries in condensed matter physics is an example of discrete symmetries
while spacetime symmetries in quantum field theory is for continuous symmetries (Beis-
ert, 2013).
In the language of mathematics, symmetries are described by group structure. In
this thesis we deal with continuous symmetries and groups, which are also known as Lie
Group. One of these symmetries is gauge symmetry which is continuous, local, internal
symmetry (Enberg, 2013). If we want to make one more definition for gauge symmetry,
we can say that any physical quantity has gauge symmetry if it remains unchanged under
gauge transformation. So then, what is gauge transformation?
Gauge transformations are phase transformations. They can be global or local.
Global means that, transformation does not depend on spacetime whereas local means
that transformation depends on it. The set of gauge transformations constitutes gauge
group. Moreover the theory which is invariant under gauge transformations is called
Gauge Theory. From there, whole gauge theories have gauge symmetry. Gauge theory
is one of the most important notion of physics since it is modern theory of fundamental
interactions. The crucial role is played by phase factor which is associated with a parallel
transport in an external gauge field (Makeenko, 1996).
The well-known example of gauge theory is Electromagnetism. Moreover, the
Standard Model which is a unified description of all interactions of known particles except
gravity is also gauge theory. Gauge theories could be Abelian which is commutative or
non Abelian which is non commutative. Electromagnetism is an Abelian Gauge Theory
and then its generalisation to non Abelian Gauge Theory, which is known as Yang-Mills
theory, was given by Yang-Mills in 1950s . Standard model is also an example of non
Abelian Gauge Theory.
In this thesis, we demand to obtain Abelian-non Abelian mixing terms which can
have cosmological implications. Then, in the following sections we examine Abelian and
non Abelian Gauge theories one by one in order to understand meaning of mixing.
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2.1. Abelian Gauge Theory
Abelian gauge theory is a theory which remains invariant under Abelian gauge
transformation. Under the roof of Particle Physics we deal with unitary transformations.
In the set of unitary transformations, the only Abelian one is U(1) gauge group which has
one parameter and consists of all unitary 1 × 1 matrices. To understand how it remains
invariant, let us examine briefly real scalar field Lagrangian, which is also called Klein-
Gordon Lagrangian,
LK−G = ∂µΦ∗∂µΦ +m2Φ∗Φ
where Φ is the real scalar field (we hold the complex conjugate since transformation
contains complex components while the field itself does not). Under global U(1) gauge
transformations, which is the group of complex phase rotations, Φ(x) becomes
Φ(x) −→ Φ′(x) ≡ exp(iα)Φ(x) (2.1)
Since the transformation is global, phase, α, is independent of spacetime coordinate. Then
the new Lagrangian which is a function of Φ′(x) is
L′K−G = (∂µΦ′)∗ ∂µΦ′ +m2Φ∗′Φ′
= ∂µ (exp(−iα)Φ∗) ∂µ (exp(iα)Φ) +m2 exp(−iα)Φ∗ exp(iα)Φ (2.2)
Hence due to independence of spacetime point of α, there is no contribution which comes
from the exponential. Then the transformed Lagrangian takes the form as
L′K−G = ∂µΦ∗∂µΦ +m2Φ∗Φ
L′K−G = LK−G (2.3)
It means that Lagrangian remains unchanged under global U(1) transformation. This is
the Gauge Symmetry!
Let us also examine local gauge transformation in which α depends on spacetime,
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i.e. α(x). Thus transformation can be written as
Φ(x) −→ Φ′(x) ≡ exp(iα(x))Φ(x) (2.4)
Then Lagrangian becomes,
L′K−G = (∂µΦ′)∗ ∂µΦ′ +m2Φ∗′Φ′
= ∂µ (exp(−iα(x))Φ∗) ∂µ (exp(iα(x))Φ)
+ m2 exp(−iα(x))Φ∗ exp(iα(x))Φ (2.5)
Since phase factor depends on spacetime, the derivative operator acts on it also! Then
Lagrangian is written as
L′K−G = [−i exp(−iα(x))Φ∗∂µα(x) + exp(−iα(x))∂µΦ∗]
× [i exp(iα(x))Φ∂µα(x) + exp(iα(x))∂µΦ]
+ m2 exp(−iα(x))Φ∗ exp(iα(x))Φ
= [−iΦ∗∂µα(x) + ∂µΦ∗] [iΦ∂µα(x) + ∂µΦ]
+ m2Φ∗Φ (2.6)
At first glance, the Lagrangian seems not to be invariant. However, if one changes deriva-
tive operator into gauge covariant derivative operator which is
Dµ = ∂µ − igAµ
and applying gauge transformation to the gauge field Aµ as
Aµ −→ Aµ + 1
g
∂µα(x)
it is straight forward to see that we have a gauge invariant Lagrangian under local gauge
transformations (Lewis, 2009).
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In this step we introduce a new field, gauge field, to the theory. In Particle Physics,
gauge fields have a crucial role. They are force carriers of the gauge theories. In the light
of gauge transformation of gauge field, we can deduce that the mass term of gauge field,
AµA
µ is not invariant under gauge transformation. Thus, to preserve gauge invariance,
gauge fields should be massless. This explains why we need Higgs Mechanism (Griffiths,
1987).
Due to the force carrier properties of the gauge fields, they are called as gauge
bosons. Each generator in gauge group corresponds to a gauge boson. In Abelian Gauge
theories, which is in U(1) gauge group, there is one generator and then one gauge boson.
For Electromagnetism, this gauge boson is photon.
As we mention above, Electromagnetism is an Abelian Gauge Theory. So, to
preserve its local gauge invariance we need gauge covariant derivative and gauge field. In
the light of these, What is the Field Strength of Electromagnetism? It can be written as
[Dµ, Dν ] = −iqFµν (2.7)
From there, Field Strength Tensor of Electromagnetism, anymore we call it Abelian Field
Strength Tensor, is
Fµν = ∂µAν − ∂νAµ
2.2. Non-Abelian Gauge Theory
Non Abelian Gauge Theory is the theory which remains invariant under local
transformations of non Abelian gauge group. Then, what is non Abelian gauge trans-
formation? and what is the difference between Abelian and non Abelian gauge trans-
formations? As we mentioned in previous section; in Abelian gauge transformation, the
group elements are commutative although in non Abelian gauge transformation they are
not. For non Abelian gauge group,
[Ta, Tb] = fabcTc
6
where Ta is the generator of the group and fabc is the structure constant. In the class of
unitary gauge groups, U(n), all groups are non Abelian except U(1). This is related to
generator number of the group which is determined by n2.
Our aim is to obtain invariant action under local gauge transformation which we
call as G. However, in non Abelian gauge groups generators are represented in matrix
form and so action contains detG. This breaks the invariance of the action. Hence, to
avoid this challenge, we use operator of non Abelian group whose determinant is 1. It is
called special unitary group , in short SU(n). The generator number of SU(n) is given
as n2 − 1. From there SU(2) and SU(3), which are non Abelian gauge groups of the
Standard Model, have 3 and 8 generators respectively.
Let us examine local transformation of gauge group SU(2) on real scalar field
Φ(x). Suppose that
Φ −→ Φ′ = exp
(
i~L.~α(x)
)
Φ
where ~L is the generator of the group and ~α is phase factor. By using Einstein summation
rule, scalar product can be avoid and transformation is written as
Φ −→ Φ′ = exp (iLaαa(x)) Φ
Here, since we work on SU(2) gauge group (especially in §6) and it has 3 generator, a
can take three different value as a = 1, 2, 3. In the following chapters of this thesis, we
deal with SU(2) for non Abelian gauge group, so our gauge indices take three different
values. Then applying transformation to the Klein Gordon Lagrangian
LK−G = ∂µΦ∗∂µΦ +m2Φ∗Φ
L′K−G becomes
L′K−G = [−i exp(−iLaαa(x))Φ∗La∂µαa(x) + exp(−iLaαa(x))∂µΦ∗]
× [i exp(iLaαa(x))ΦLa∂µαa(x) + exp(iLaαa(x))∂µΦ]
+ m2 exp(−iLaαa(x))Φ∗ exp(iLaαa(x))Φ
= [−iΦ∗La∂µαa(x) + ∂µΦ∗] [iΦLa∂µαa(x) + ∂µΦ] +m2Φ∗Φ (2.8)
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In this step, one can deduce the covariant derivative as like as Abelian case.
Dµ = ∂µ − igAaµLa
where Aaµ is non Abelian gauge field and it is transformation is given as
AaµLa −→ AaµLa +
1
g
(∂µα
a)La + i[α
aLa, A
b
µLb]
Under these transformations, Klein-Gordon Lagrangian has local non Abelian gauge in-
variance. In the previous section, we mentioned about gauge fields are force carriers of
the theories. Then, since gauge index has three different values for SU(2), there are three
different force carriers, gauge bosons. They are W± and Z0. These are gauge bosons of
weak interactions. For SU(3), there are 8 gauge bosons since this group has 8 generators
and these are gluons. SU(3) is the gauge group of strong interaction. Thus, field strength
of non Abelian gauge theory is given as
[Dµ, Dν ] = −igF aµνLa (2.9)
From there, by using the commutation rule
[La, Lb] = fabcLc
Field Strength Tensor of the non Abelian fields, any more we call it as non Abelian Field
Strength Tensor, takes form
F aµν = ∂µA
a
ν − ∂νAaµ − gfabcAbµAcν
In the light of discussion given above, Standard Model which is the unified theory
of fundamental interactions except gravity is non Abelian Gauge Theory. Gauge groups
of this theory are (1) for electromagnetic interactions, SU(2) for weak interactions ( for
electroweak interactions which is unification of electromagnetism and weak interaction,
8
gauge group is given as U(1)× SU(2)) and SU(3) for strong interactions.
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CHAPTER 3
BORN-INFELD THEORY
Born-Infeld Theory (Born-Infeld, 1934) was orginally proposed by Born and In-
feld in 1934 to solve the problem of diverging Coulomb field and self energy of point
particles in Maxwell’s electrodynamics (Wohlfarth, 2004). This theory is non-linear
extension of Maxwell’s theory and reduces to Maxwell equations for small amplitudes
(Nieto, 2004). Also, in 1980s, Born-Infeld Theory became of very much interest due to
its relation with SUSY and String Theory. Thus it is a significant theory.
Born and Infeld used determinantal form given below.
SB−I =
∫
d4xM4 [det(Aµν)]
1/2 (3.1)
Aµν can be expanded as
Aµν = gµν + afµν
where gµν is symmetric and fµν is antisymmetric parts ofAµν . Hence the action becomes;
SB−I =
∫
d4xM4 [det(gµν + afµν)]
1/2 (3.2)
For an exact physical theory, action
S =
∫
d4xL
must be dimensionless.
• In D dimensional spacetime, [dDx] = M−D , for D = 4 −→ [d4x] = M−4.
• D = 4 −→ [L] = M4
By using this fact, let us examine dimensions of constituents term by term.
• Metric tensor is dimensionless [gµν ] = M0.
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• Dimension of antisymmetric tensor (Assume that it is electromagnetic tensor)
[fµν ] = M
2,
• [a] = M−2 to cancel out dimension of fµν
Here we should examine Born-Infeld action in order to understand Born-Infeld procedure.
Let us start with considering [det(gµν + afµν)]
1/2 . By bracketing of gµα
det(gµν + afµν) = det[gµα(δ
α
ν + af
α
ν)] (3.3)
and by using the property of determinant given below
det(A.B) = det(A). det(B) (3.4)
it becomes
det(gµν + afµν) = det (gµα) det (δ
α
ν + af
α
ν) (3.5)
Then Eq.(3.2) becomes,
SB−I =
∫
d4xM4 (det (gµα))
1/2 [det (δαν + af
α
ν)]
1/2 (3.6)
Here we have to find expansion of det (δαν + af
α
ν). The series expansion is given as
det (δαν + af
α
ν) =
∞∑
k=0
1
k!
[
−
∞∑
j=1
(−1)j
j
Tr
[
(afαν)
j
]]k
(3.7)
If we expand this series up to third order and use the trace property
Tr(aX) = aTr(X)
11
where a is a constant;
det (δαν + af
α
ν) =
∞∑
k=0
1
k!
[
Tr(afαν)−
1
2
Tr[(afαν)
2] +O(A3)
]k
=
[
1 + aTr(fαν)−
1
2
a2Tr[(fαν)
2] +
1
2
a2[Tr(fαν)]
2
+ O(A3)
]
(3.8)
To find
[det(gµν + afµν)]
1/2 =
[
1 + aTr(fαν)−
1
2
a2Tr[(fαν)
2] +
1
2
a2[Tr(fαν)]
2
+ O(A3)
]1/2
(3.9)
we should also use binomial expansion which is
(1 + x) =
∞∑
k=0
(

k
)
xk =
∞∑
k=0
!
k!(− k)!x
k (3.10)
For  = 1
2
;
(1 + x)
1
2 =
∞∑
k=0
(
1
2
k
)
xk
= 1 +
1
2
!
(1
2
− 1)!x+
1
2
!
2!(1
2
− 2)!x
2 +O(A3)
= 1 +
1
2
(1
2
− 1)!
(1
2
− 1)! x+
1
2
(1
2
− 1)(1
2
− 2)!
2!(1
2
− 2)! x
2 +O(A3)
= 1 +
1
2
x− 1
8
x2 +O(A3) (3.11)
Hence, if we choose x as
x = aTr(fαν)−
1
2
a2Tr[(fαν)
2] +
1
2
a2[Tr(fαν)]
2 (3.12)
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Then x2 takes the form as
x2 =
[
aTr(fαν)−
1
2
a2Tr[(fαν)
2] +
1
2
a2[Tr(fαν)]
2
]2
= a2Tr[(fαν)
2 +O(A3) (3.13)
By inserting (3.12) and(3.13) in (3.9), [det(gµν + afµν)]
1/2 becomes;
[det(gµν + afµν)]
1/2 = [det(gµα)]
1/2
{
1 +
1
2
[
aTr(fαν)−
1
2
a2Tr[(fαν)
2]
+
1
2
a2[Tr(fαν)]
2
]
− 1
8
[
a2Tr[(fαν)
2
]
+O(A3)
}
= [det(gµα)]
1/2
[
1 +
1
2
aTr(fαν)−
1
4
a2Tr[(fαν)
2]
+
1
8
a2[Tr(fαν)]
2 +O(A3)
]
(3.14)
This is the expansion of determinant given in Eq. (3.6). By substituting the result given
in Eq.(3.14)in the Eq. (3.6), the action becomes
SB−I =
∫
d4xM4[det(gµα)]
1/2
(
1 +
1
2
aTr(fαν)−
1
4
a2Tr[(fαν)
2]
+
1
8
a2[Tr(fαν)]
2
)
(3.15)
From now, we have an action containing trace of tensors instead of determinantal form.
Trace of nth order any rank-2 tensor is given as
TrAn = Aµ1µ2A
µ2µ3 . . . Aµn−1µnA
µnµ1 (3.16)
(Koerber, 2004). Thus,
Tr(fαν) = f
α
α (3.17)
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Since we assign fµν as electromagnetic tensor which is
fµν =

0 Ex Ey Ez
−Ex 0 −Bz By
−Ey Bz 0 −Bx
−Ez By Bx 0

Tr(fαν) = 0 (3.18)
and so by using the equation given in Eq.(3.18)
[Tr(fαν)]
2 = 0 (3.19)
too. There is no contributions from trace of fµν or square of it. The only term giving
non-vanishing contribution to the action is Tr[(fαν)
2] and it is expanded as
Tr[(fαν)
2] = fανf
ν
α
= fµνg
αµf να
= fµνf
νµ
= −fµνfµν (3.20)
From there, since [det(gµα)]1/2 ≡ √−g,
SB−I =
∫
d4xM4
√−g
(
1 +
1
4
a2fµνf
µν
)
(3.21)
By arranging;
SB−I =
∫
d4x
√−g
(
M4 +
1
4
M4a2fµνf
µν
)
(3.22)
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Here, M4 corresponds to accumulated energy in the universe.fµνfµν is just Lagrangian
term of electromagnetic field. Therefore, Born-Infeld theory provides us cosmological
constant and electromagnetism. One of the remarkable result of this theory is that elec-
tromagnetism is embedded in geometry since we use determinant notion. Moreover, in
Born-Infeld theory, metric is not a dynamical variable. It means that we have no variation
with respect to metric tensor. The only role of metric tensor is to supply invariance of
action in the case of coordinate transformation.
As a consequence; Born-Infeld Theory yields to Electromagnetism.
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CHAPTER 4
BORN-INFELD-EINSTEIN GRAVITY
Eddigton introduced the action (Eddington, 1924),
SEDD =
∫
d4x [det(Rµν(Γ))] (4.1)
and inspiring from Eddington; Deser and Gibbons proposed that Born-Infeld-Einstein
Gravity (Deser, 1998) and their action is given below:
SD−G =
∫
d4xM2Pl [− det (agµν + bRµν +Xµν)]1/2 (4.2)
Dimensional analysis:
• [Rµν ] = M2
• [gµν ] = M0
• [a], [Xµν ] = M1
• [b] = M−1
If one choose Qµν = bRµν +Xµν , then SD−G becomes;
SD−G =
∫
d4xM2Pl [− det (agµν +Qµν)]1/2 (4.3)
In this step let us examine expansion of determinant and to do this let us follow the same
procedure given in previous chapter. Thus, by bracketing of agµα
− det (agµν +Qµν) = − det
{
agµα
(
δαν +
1
a
Qαν
)}
(4.4)
16
and also by using (3.4),
− det (agµν +Qµν) = [− det (agµα)] det
(
δαν +
1
a
Qαν
)
(4.5)
The one other property of determinant;
det(cA) = cn det(A) (4.6)
for n× n matrix. Then,
det (agµα) = a
4 det (gµα) (4.7)
Since gµα is 4 × 4 matrix for D = 4. For det
(
δαν +
1
a
Qαν
)
, we can use the expansion
given in Eq.(3.8),
det
(
δαν +
1
a
Qαν
)
= 1 +
1
a
Tr (Qαν)−
1
2a2
Tr
[
(Qαν)
2]
+
1
2a2
[Tr (Qαν)]
2 +O(A3) (4.8)
and also using binomial expansion given (3.11)
[− det(agµν +Qµν)]1/2 = a2 [− det(gµα)]1/2
{
1 +
1
2
[1
a
Tr(Qαν)−
1
2a2
Tr[(Qαν)
2]
+
1
2a2
[Tr(Qαν)]
2
]
− 1
8
[ 1
a2
Tr[(Qαν)
2
]
+O(A3)
}
= a2[− det(gµα)]1/2
[
1 +
1
2a
Tr(Qαν)−
1
4a2
Tr[(Qαν)
2]
+
1
8a2
[Tr(Qαν)]
2 +O(A3)
]
(4.9)
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Then action becomes,
SD−G =
∫
d4xM2Pla
2[− det(gµα)]1/2
[
1 +
1
2a
Tr(Qαν)−
1
4a2
Tr[(Qαν)
2]
+
1
8a2
[Tr(Qαν)]
2 +O(A3)
]
(4.10)
Let us find traces being in SD−G. To do this, we use (3.16):
Tr(Qαν) = Q
α
α
= bRαα +X
α
α (4.11)
and it can be rewritten as
Tr(Qαν) = bR +X (4.12)
and from(4.12),
[Tr(Qαν)]
2 = b2R2 + 2RX +X2 (4.13)
For Tr[(Qαν)
2], we use again Eq.(3.16)
Tr[(Qαν)
2] = QανQ
ν
α
= Qµνg
µαQνα
= QµνQ
νµ (4.14)
Since Qµν = bRµν +Xµν and Qνµ = bRνµ +Xνµ
Tr[(Qαν)
2] = QµνQ
νµ = RµνR
νµ +RµνX
νµ +XµνR
νµ +XµνX
νµ (4.15)
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Here Rµν and Xµν are symmetric tensors. Therefore, Rµν = Rνµ and Xµν = Xνµ.
Moreover, RµνXνµ = RρσgµρgνσXνµ = RρσXσρ. By changing indices as ρ → ν and
σ → µ ,RµνXνµ = RνµXµν . Thus
Tr
[
(Qαν)
2
]
= RµνR
µν + 2RµνX
µν +XµνX
µν (4.16)
Hence, by subsituting (4.12),(4.13) and (4.16) in (4.10) and changing representation as
[− det(gµα)]1/2 ≡ √−g
SD−G =
∫
d4xM2Pla
2
√−g
[
1 +
1
2a
(bR +X)− 1
4a2
(
RµνR
µν + 2RµνX
µν
+XµνX
µν
)
+
1
8a2
(
b2R2 + 2RX +X2
)
+O(A3)
]
(4.17)
If we want to obtain natural theory, we should avoid non physical components from
the theory. Here, RµνRµν term results in ghost when it is expand perturbatively around
Minkowski background. Ghost- sometimes called as bad ghost- means that wrong signed
kinetic energy of any scalar field. For instance ,If metric tensor is Diag[-,+,+,+] and ki-
netic energy of scalar field positive signed, then it is called as GHOST (Karahan, 2010).
Since ghosts allows probabilities to be negative, it violates unitarity. Higher derivative
curvature theories always contains ghosts (Stelle, 1978). Therefore, to have a natural
theory, we cancel out non-linear curvature terms besides ghosts by using Xµν .
Suppose that
1
D
gµνX
α
α = Xµν (4.18)
To test this assumption let us multiply both sides with gµν
1
D
gµνg
µν︸ ︷︷ ︸
δµµ=D
Xαα = Xµνg
µν︸ ︷︷ ︸
Xνν
(4.19)
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1D
DXαα = X
ν
ν
=⇒ X = X (4.20)
Then our assumption is hold! To cancel out ghosts, let us define Xαα
Xαα =
1
2a
b2
(
RρσR
ρσ − 1
2
R2
)
(4.21)
In light of our assumption, multiply both sides with
1
4
gµν since we work on 4-dimensional
spacetime.
1
4
gµνX
α
α︸ ︷︷ ︸
Xµν
=
1
4
gµν
1
2a
b2
(
RρσR
ρσ − 1
2
R2
)
(4.22)
Xµν =
b2
8a
gµν
(
RρσR
ρσ − 1
2
R2
)
(4.23)
By substituting (4.23) in (4.17)
SD−G =
∫
d4xM2Pla
2
√−g
(
1 +
1
2
b
a
R +O(A3)
)
(4.24)
All surviving terms without
(
1 +
b
2a
R
)
are higher order terms because X is defined by
using square of Ricci tensor.
Here, we can explicitly see that Deser and Gibbons theory consist of cosmological
constant and general relativity. This theory reduces to Einstein Equations in the limit
of small curvature. Moreover, in case of Deser and Gibbons theory, metric is not only
provide invariance of the action, but also has dynamical role. Einstein equation can be
obtain by taking variation of action with respect to metric tensor.
As a result, Born-Infeld-Einstein Gravity yields to Cosmological Constant and
General Relativity
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4.1. Born-Infeld-Einstein Gravity with Abelian and Non-Abelian
Fields
In this section, we claim that BIE theory can be extended by adding new fields to
the action. Our suggestion is
SBIE =
∫
d4xM2Pl
[
− det(a˜gµν + bRµν + cFµν + dF aµαF aβνgαβ +Xµν)
]1/2
(4.25)
Here Fµν is Abelian Field strength tensor and defined as
Fµν = ∂µAν − ∂νAµ (4.26)
and F aµα is non-Abelian Field strength tensor, it is called also as Yang-Mills Field.
F aµα = ∂µA
a
ν − ∂νAaµ − gabcAbµAcα (4.27)
where g is coupling constant and abc is antisymmetric Levi-Civita symbol. Let us exam-
ine dimensional analysis:
• [Rµν ], [Fµν ], [F aµν ] = M2
• [gµν ] = M0
• [a˜], [Xµν ] = M1
• [b], [c] = M−1
• [d] = M−3
By bracketing of a˜gµσ
a˜gµν + bRµν + cFµν + dF
a
µαF
a
βνg
αβ +Xµν ≡ a˜gµσ
(
δσν +
b
a˜
Rσν +
c
a˜
F σν
+
d
a˜
F aσαF
a
βνg
αβ +
1
a˜
Xσν
)
(4.28)
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if one makes definition given below,
b
a˜
Rσν +
c
a˜
F σν +
d
a˜
F aσαF
a
βνg
αβ +
1
a˜
Xσν = A
σ
ν (4.29)
then SBIE takes form as
SBIE =
∫
d4xM2Pl [− det(a˜gµσ) det(δσν + Aσν)]1/2
=
∫
d4xM2Pl [− det(a˜gµσ)]1/2 [det(δσν + Aσν)]1/2 (4.30)
By using (4.6) and (4.7)
[− det(a˜gµσ)]1/2 = [a˜4[− det(gµσ)]]1/2
= a˜2
√−g (4.31)
In this theory, to obtain a reasonable results, we should expand the series up to fourth
order. Therefore, let us rewrite expansions: By using (3.7)
det (δσν + A
σ
ν) =
∞∑
k=o
1
k!
{
Tr (Aσν)−
1
2
Tr
[
(Aσν)
2]+ 1
3
Tr
[
(Aσν)
3]+O(A4)}k
= 1 +
[
Tr (Aσν)−
1
2
Tr
[
(Aσν)
2]+ 1
3
Tr
[
(Aσν)
3]]
+
1
2
[
Tr (Aσν)−
1
2
Tr
[
(Aσν)
2]+ 1
3
Tr
[
(Aσν)
3]]2
+
1
6
[
Tr (Aσν)−
1
2
Tr
[
(Aσν)
2]+ 1
3
Tr
[
(Aσν)
3]]3 +O(A4) (4.32)
det (δσν + A
σ
ν) = 1 + Tr (A
σ
ν)−
1
2
Tr
[
(Aσν)
2]+ 1
3
Tr
[
(Aσν)
3]+ 1
2
[Tr (Aσν)]
2
− 1
2
Tr [(Aσν)]Tr
[
(Aσν)
2]+ 1
6
[Tr (Aσν)]
3 +O(A4) (4.33)
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If we expand binomial series up to 4th order, by using (3.10),
(1 + x)1/2 = 1 +
1
2
x+
1
8
x2 +
3
96
x3 +O(A4) (4.34)
and by choosing
x = Tr (Aσν)−
1
2
Tr
[
(Aσν)
2]+ 1
3
Tr
[
(Aσν)
3]+ 1
2
[Tr (Aσν)]
2
− 1
2
Tr [(Aσν)]Tr
[
(Aσν)
2]+ 1
6
[Tr (Aσν)]
3 +O(A4) (4.35)
and so
x2 = [Tr (Aσν)]
2 − Tr (Aσν)Tr
[
(Aσν)
2]+ [Tr (Aσν)]3 +O(A4) (4.36)
x3 = [Tr (Aσν)]
3 +O(A4) (4.37)
substituting (4.35),(4.36) and (4.37) in (4.34)
[det (δσν + A
σ
ν)]
1/2 = 1 +
1
2
Tr (Aσν)−
1
4
Tr
[
(Aσν)
2]+ 1
6
Tr
[
(Aσν)
3]
+
1
8
[Tr (Aσν)]
2 − 1
8
Tr (Aσν)Tr
[
(Aσν)
2]
− 1
96
[Tr (Aσν)]
3 +O(A4) (4.38)
Then,
SBIE =
∫
d4xM2Pla˜
2
√−g
{
1 +
1
2
Tr(Aσ ν)− 1
4
Tr[(Aσν)
2] +
1
6
Tr[(Aσν)
3]
+
1
8
[Tr(Aσν)]
2 − 1
8
Tr(Aσν)Tr[(A
σ
ν)
2]− 1
96
[Tr(Aσν)]
3 +O(A4)
}
(4.39)
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Lt us calculate traces one by one:
Tr(Aσν) = A
ν
ν
=
b
a˜
R +
c
a˜
F +
d
a˜
F aναF
a
βνg
αβ +
1
a˜
X (4.40)
Since F = 0 due to antisymmetric nature of Fµν ,
Tr(Aσν) =
b
a˜
R +
d
a˜
F aναF
a
βνg
αβ +
1
a˜
X (4.41)
Then,
[Tr(Aσ ν)]
2 =
b2
a˜2
R2 +
2bd
a˜2
RF aν αF
a
βνg
αβ +
2b
a˜2
RX
+
d2
a˜2
F aν αF
a
βνg
αβF bλ εF
b
θλg
εθ
+
2d
a˜2
XF aν αF
a
βνg
αβ +
1
a˜2
X2 (4.42)
[Tr(Aσν )]
3 =
b3
a˜3
R3 +
d3
a˜3
F aν αF
a
βνg
αβF bλ εF
b
θλg
εθF cη ωF
c
τηg
ωτ +
1
a˜3
X3
+
3b2d
a˜3
R2F aν αF
a
βνg
αβ +
3b2
a˜3
R2X
+
3bd2
a˜3
RF aν αF
a
βνg
αβF bλ εF
b
θλg
εθ +
6bd
a˜3
RXF aν αF
a
βνg
αβ
+
3b
a˜3
RX2 +
3d2
a˜3
XF aν αF
a
βνg
αβF bλ εF
b
θλg
εθ
+
3d
a˜3
X2F aν αF
a
βνg
αβ (4.43)
i.e.
[Tr(Aσν )]
3 ⊃ b
3
a˜3
R3 +
3b2d
a˜3
R2F aναF
a
βνg
αβ (4.44)
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To find Tr[(Aσ ν)2] and Tr[(Aσ ν)3] we should use (3.16)
Tr[(Aσ ν)
2] = AµνA
µν
=
b2
a˜2
RµνR
µν +
2bd
a˜2
F a µαF
a
βνg
αβRµν +
2b
a˜2
RµνX
µν +
c2
a˜2
FµνF
µν
+
2c
a˜2
FµνX
µν +
d2
a˜2
F a µαF
a
βνg
αβF bµ εF
b ν
θg
εθ
+
2d
a˜2
F a µαF
a
βνg
αβXµν +
1
a˜2
XµνX
µν (4.45)
and
Tr[(Aσ ν)
3] = AµνA
νκAκ
µ
⊃ b
3
a˜3
RµκRκ
νRµν +
b2d
a˜3
RκνRµκF
aν
λF
aλµ
+
b2d
a˜3
RνλRλκF
aκµF aµν +
c2d
a˜3
F νκ FµνF
aµ
αF
aκ
βg
αβ
+
c2d
a˜3
F aκµF aµνF
νλFλκ +
cd
a˜3
F aκµF aµνFλκX
νλ
+
cd
a˜3
F aνµF aµλg
λαFακX
κ
ν +
b2d
a˜3
RκµR
µνF aνλF
aλσgσκ
+
c2d
a˜3
F κνF
νλF aλσF
aσ
κ +
cd
a˜3
F κνF
a
λσF
aσ
κX
νλ
+
cd
a˜3
F νλF aλσF
aσ
κX
κ
ν (4.46)
By using (4.41) and (4.45)
Tr(Aσ ν)Tr[(A
σ
ν)
2] ⊃ b
3
a˜3
RRµνRµν +
b2d
a˜3
RµνRµνF
aλ
αF
a
βλg
αβ
− c
2d
a˜3
F aλαF
a
βλg
αβFµνF
µν
+
2cd
a˜3
F aλαF
a
βλg
αβFµνX
µν (4.47)
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If we consider all these terms given in (4.41),(4.42),(4.43),(4.45),(4.46)and (4.47), then
the action of BIE with Abelian and Non Abelian Fields becomes,
SBIE =
∫
d4xM2Pla˜
2
√−g
{
1 +
1
2
[ b
a˜
R +
d
a˜
F aν αF
a
βνg
αβ +
1
a˜
X
]
− 1
4
[ b2
a˜2
RµνR
µν +
2bc
a˜2
F a µαF
a
βνg
αβRµν +
2b
a˜2
RµνX
µν +
c2
a˜2
FµνF
µν
+
2c
a˜2
FµνX
µν +
d2
a˜2
F a µαF
a
βνg
αβF bµ εF
b ν
θg
εθ +
2d
a˜2
F a µαF
a
βνg
αβXµν
+
1
a˜2
XµνX
µν
]
+
1
6
[ b3
a˜3
RRµνRµν +
b2d
a˜3
RµνRµνF
aλ
αF
a
βλg
αβ
− c
2d
a˜3
F aλαF
a
βλg
αβFµνF
µν +
2cd
a˜3
F aλαF
a
βλg
αβFµνX
µν
]
+
1
8
[ b2
a˜2
R2 +
2bd
a˜2
RF aν αF
a
βνg
αβ +
2b
a˜2
RX
+
d2
a˜2
F aν αF
a
βνg
αβF bλ εF
b
θλg
εθ +
2d
a˜2
XF aν αF
a
βνg
αβ +
1
a˜2
X2
]
− 1
8
[ b3
a˜3
RµκRκ
νRµν +
b2d
a˜3
RκνRµκF
aν
λF
aλµ
+
b2d
a˜3
RνλRλκF
aκµF aµν +
c2d
a˜3
F νκ FµνF
aµ
αF
aκ
βg
αβ
+
c2d
a˜3
F aκµF aµνF
νλFλκ +
cd
a˜3
F aκµF aµνFλκX
νλ
+
cd
a˜3
F aνµF aµλg
λαFακX
κ
ν +
b2d
a˜3
RκµR
µνF aνλF
aλσgσκ
+
c2d
a˜3
F κνF
νλF aλσF
aσ
κ +
cd
a˜3
F κνF
a
λσF
aσ
κX
νλ
+
cd
a˜3
F νλF aλσF
aσ
κX
κ
ν
]
+
1
48
[ b3
a˜3
R3 +
3b2d
a˜3
R2F aνβF aβν
]
+O(A4)
}
(4.48)
Let us define Xµν in light of Eq.(4.18),
Xµν =
1
8
b2
a˜
( b
2a˜
RRαβR
αβ − 2b
3a˜
RακR βκ Rαβ +RαβR
αβ − 1
2
R2
− b
12a˜
R3 +
d
2a˜
RαβR
αβF aκσF aσκ −
2d
a˜
RνδRδσF
aβσF aβν
− d
8a˜
R2F aκσF aσκ +
d
a˜
RRνσF aσαF aαν
)
gµν (4.49)
Thus, if one substitute Xµν in the action, R2, RµνRµν and RµκRνκRµν terms cancel out.
Furthermore, all terms which contain Xµν or X are higher order. Considering this situa-
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tion and making some arrangement, action takes the form as
SBIE =
∫
d4xM2Pl
√−g
{
a˜2 +
a˜
2
[
bR− c
2
2a˜
FµνF
µν + dF aναF
a
βνg
αβ
]
+
1
8
[
− 4bdRµνF aµαF aβνgαβ + 2bdRF aναF aβνgαβ
− 2d2F aµαF aβνgαβF bµε F bνθgεθ + d2F aναF aβνgαβF bλεF bθλgεθ
]
+
1
48a˜
[
d3F aσβF aβσF
bλρF bρλF
cεηF cηε + 6d
3F aµαF
aα
νF
bνρF bµρF
cεηF cηε
− 8d3F aσβF aβνF bνρF bµρF cµηF cησ + bd2RF aσβF aβσF bλρF bρλ
+ 6bd2RF aµαF
aα
νF
bνρF bµρ − 12bd2RνµF aµαF aανF bσηF bησ
+ 24bd2RνµF aσβF aβνF
b
µηF
bη
σ − 6bc2RF µνFνµ + 24bc2RνµF σνFµσ
− 6c2dF µνFνµF aσβF aβσ + 24c2dF σνF νµF aµηF aησ
]}
(4.50)
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4.2. Abelian - Non Abelian Mixing in BIE
In the end of very long calculations, we obtain an action given in Eq. (4.50). Let
us rewrite it and analyse term by term.
SBIE =
∫
d4xM2Pl
√−g
{
a˜2 +
a˜
2
[
b R︸︷︷︸
1
− c
2
2a˜
FµνF
µν︸ ︷︷ ︸
2
+dF aναF
a
βνg
αβ︸ ︷︷ ︸
3
]
+
1
8
[
− 4bdRµνF aµαF aβνgαβ︸ ︷︷ ︸
4
+2bdRF aναF
a
βνg
αβ︸ ︷︷ ︸
5
− 2d2 F aµαF aβνgαβF bµε F bνθgεθ︸ ︷︷ ︸
6
+d2 F aναF
a
βνg
αβF bλεF
b
θλg
εθ︸ ︷︷ ︸
7
]
+
1
48a˜
[
d3 F aσβF aβσF
bλρF bρλF
cεηF cηε︸ ︷︷ ︸
8
+6d3 F aµαF
aα
νF
bνρF bµρF
cεηF cηε︸ ︷︷ ︸
9
− 8d3 F aσβF aβνF bνρF bµρF cµηF cησ︸ ︷︷ ︸
10
+bd2RF aσβF aβσF
bλρF bρλ︸ ︷︷ ︸
11
+ 6bd2RF aµαF
aα
νF
bνρF bµρ︸ ︷︷ ︸
12
−12bd2RνµF aµαF aανF bσηF bησ︸ ︷︷ ︸
13
+ 24bd2RνµF aβνF
aσβF bµηF
bη
σ︸ ︷︷ ︸
14
−6bc2RF µνFνµ︸ ︷︷ ︸
15
+24bc2RνµF σνFµσ︸ ︷︷ ︸
16
− 6c2dF µνFνµF aσβF aβσ︸ ︷︷ ︸
17
+24c2dF σνF
νµF aµηF
aη
σ︸ ︷︷ ︸
18
]}
(4.51)
Here, the term labelled as 1 is just the Einstein-Hilbert term. It gives us General Relativity
in small curvature limit.
The term labelled as 2 is just Lagrangian of Field Strength. This term supplies us
to Electromagnetism.
3 is called as Yang-Mills term. It carries Non-Abelian part of the theory.
The terms 1, 2, 3 are not mixed terms. All of them are responsible for their own
fields. From there let us examine mixed terms.
The term labelled as 4, 5, 11, 12, 13 and 14 have mixing of Non-Abelian Field
Strength tensor and Curvature. It can be interpreted as graviton-gluon coupling and can
be detected by means of High Luminosity experiments.
6, 7, 8, 9 and 10 are coupling of two Non Abelian fields such as gluon-gluon cou-
pling.
The terms 15 and 16 are the coupling of Curvature and Abelian Field Strength
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Tensor. One can deduce that it is photon graviton coupling.
17 and 18 are Abelian-Non Abelian Coupling. This is the main purpose of our the-
sis. Born-Infeld-Einstein Gravity allows the mixing of Abelian and Non-Abelian fields.
This term can be responsible for photon-gluon coupling and it can be observed by High
Luminosity Experiments.
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CHAPTER 5
BORN-INFELD-RIEMANN GRAVITY (BIR)
Born-Infeld Rieman Gravity was firstly proposed in (Soysal, 2012). Main idea
of this theory is using rank-4 tensor fields to obtain an invariant action. In this thesis we
suggest a new form of Born-Infeld -Riemann Gravity which contains both Abelian and
Non Abelian fields.
5.1. Born-Infeld-Riemann Gravity with Abelian and Non-Abelian
Fields
Our suggestion is
SBIR =
∫
d4xM2Pl
[
DDet
(
κ2g˜µανβ + λRRµανβ + λF Fˆµανβ + λ˜F F˜µανβ
+Xµανβ
)]1/4
(5.1)
where
g˜µανβ = gµνgαβ − gµβgαν
Fˆµανβ = FµαFνβ
F˜µανβ = F
a
µαF
a
νβ
(5.2)
and dimensions of constants are
• [Rµανβ] = M2
• [Fˆµανβ] = M4
• [F˜µανβ] = M4
• [g˜µανβ] = M0
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• [κ] = M1
• [λR] = M0
• [λF ] = M−2
• [λ˜F ] = M−2
Thus, substituting Eq.(5.2) in (6.89)
SBIR =
∫
d4xM2Pl
[
DDet
(
κ2(gµνgαβ − gµβgαν) + λRRµανβ + λFFµαFνβ
+λ˜FF
a
µαF
a
νβ +Xµανβ
)]1/4
(5.3)
By bracketing
(
κ2(gµν′gαβ′ − gµβ′gαν′ )
)
and using Eq.(3.4)
SBIR =
∫
d4xM2Pl
[
DDet
(
κ2(gµν′gαβ′ − gµβ′gαν′
)]1/4
×
[
DDet
(
Iν
′β′
νβ +
λR
κ2
Invµ
′α′ν′β′Rµ′α′νβ +
λF
κ2
Invµ
′α′ν′β′Fµ′α′Fνβ
+
λ˜F
κ2
Invµ
′α′ν′β′F aµ′α′F
a
νβ +
1
κ2
Invµ
′α′ν′β′Xµ′α′νβ
)]1/4
(5.4)
If one use expansion of determinant given in Eq.(3.8) and Binomial expansion given in
Eq.(3.10)
SBIR =
∫
d4xM2Pl
[
DDet
(
κ2(gµν′gαβ′ − gµβ′gαν′
)]1/4
×
[
1 +
1
4
Tr(Aν
′β′
νβ)−
1
8
Tr[(Aν
′β′
νβ)
2] +
1
32
[Tr(Aν
′β′
νβ)]
2
+ O(A3)
]
(5.5)
SBIR =
∫
d4xM2Pl
[
DDet
(
κ2(gµν′gαβ′ − gµβ′gαν′
)]1/4
×
[
DDet
(
Iν
′β′
νβ + A
ν′β′
νβ
)]1/4
(5.6)
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Aν
′β′
νβ =
λR
κ2
Rν
′β′
νβ +
λF
κ2
F ν
′β′Fνβ +
λ˜F
κ2
F aν
′β′F aνβ +
1
κ2
Xν
′β′
νβ (5.7)
where
Iν
′β′
νβ =
1
2
(
δν
′
νδ
β′
β − δβ
′
νδ
ν′
β
)
(5.8)
and
Invµ
′α′ν′β′ =
1
2
(
gµ
′ν′gα
′β′ − gµ′β′gα′ν′
)
(5.9)
Firstly, let us examine DDet
(
κ2 (gµν′gαβ′ − gµβ′gαν′)
)
:
DDet
(
κ2 (gµν′gαβ′ − gµβ′gαν′)
)
= κ8DDet
(
gµν′gαβ′−gµβ′gαν′
)
= κ8DDet
(
Qµαν′β′
)
for D = 4 where
Qµαν′β′ = gµν′gαβ′ − gµβ′gαν′
Then,
DDet
(
Qµαν′β′
)
=
(√−g)4 c4DD (5.10)
and since we need DDet
(
Qµαν′β′
)1/4
DDet
(
Qµαν′β′
)1/4
=
√−gcDD (5.11)
Expansion of DDet
(
Iν
′β′
νβ + A
ν′β′
νβ
)
is given also as in (3.7). From there
[
DDet(Iν
′β′
νβ + A
ν′β′
νβ
]1/4
= 1 +
1
4
Tr(Aν
′β′
νβ)−
1
8
Tr[(Aν
′β′
νβ)
2]
+
1
32
[Tr(Aν
′β′
νβ)]
2 +O(A3) (5.12)
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Tr(Aν
′β′
νβ) = A
ν′β′
νβI
ν′β′
νβ (5.13)
Therefore
Tr(Aν
′β′
νβ) =
λR
κ2
R +
λF
κ2
F νβFνβ +
λ˜F
κ2
F aνβF a νβ +
1
κ2
X (5.14)
[Tr(Aν
′β′
νβ)]
2 =
λ2R
κ4
R2 +
2λRλF
κ4
RF νβFνβ +
2λRλ˜F
κ4
RF aνβF a νβ +
2λR
κ4
RX
+
λ2F
κ4
F νβFνβF
σρFσρ +
2λF λ˜F
κ4
F aνβF a νβF
σρFσρ +
2λF
κ4
F νβFνβX
+
λ˜2F
κ4
F aνβF a νβF
bσρF b σρ +
2λ˜F
κ4
F aνβF a νβX +
1
κ4
X2 (5.15)
Tr[(Aν
′β′
νβ)
2] =
λ2R
κ4
Rν
′β′
νβR
νβ
ν′β′ +
2λRλF
κ4
Rν
′β′
νβF
νβFν′β′
+
2λRλ˜F
κ4
Rν
′β′
νβF
aνβF aν′β′ +
2λR
κ4
Rν
′β′
νβX
νβ
ν′β′
+
λ2F
κ4
F νβFν′β′FνβF
ν′β′ +
2λF λ˜F
κ4
F ν
′β′FνβF
aνβF aν′β′
+
2λF
κ4
F ν
′β′FνβX
νβ
ν′β′ +
λ˜2F
κ4
F aνβF aν′β′F
b
νβF
bν′β′
+
2λ˜F
κ4
F aν
′β′F aνβX
νβ
ν′β′ +
1
κ4
Xν
′β′
νβX
νβ
ν′β′ (5.16)
In the light of these traces, we have also some terms which contain ghost. To cancel out
these term let us rewrite Xν
′β′
νβ by using Eq.(4.18)
Xν
′β′
νβ =
1
24κ2
λ2R
[
RλρµτR
µτ
λρ −
1
4
R2
](
δν
′
νδ
β′
β − δβ
′
νδ
ν′
β
)
(5.17)
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By inserting Eq.(5.17) and all of the traces from the begining of the this chapter into the
action given in Eq.(5.6) we obtain,
SBIR =
∫
d4xM2Plκ
2cDD
√−g
[
1 +
1
4
(λR
κ2
R +
λF
κ2
F νβFνβ +
λ˜F
κ2
F aνβF aνβ
)
− 1
8
(2λRλF
κ4
Rν
′β′
νβF
νβFν′β′ +
2λRλ˜F
κ4
Rν
′β′
νβF
aνβF aν′β′
+
λ2F
κ4
F νβFν′β′FνβF
ν′β′ +
2λF λ˜F
κ4
F ν
′β′FνβF
aνβF aν′β′
+
λ˜2F
κ4
F aνβF aν′β′F
b
νβF
bν′β′
)
+
1
32
(2λRλF
κ4
RF νβFνβ +
2λRλ˜F
κ4
RF aνβF aνβ +
λ2F
κ4
F νβFνβF
σρFσρ
+
2λF λ˜F
κ4
F aνβF aνβF
σρFσρ +
λ˜2F
κ4
F aνβF aνβF
bσρF bσρ
)
+O(A3)
]
(5.18)
For simplicity, let us define two new tensors
K ν
′β′
R νβ ≡ Rν
′β′
νβ −
1
4
Rδν
′
νδ
β′
β (5.19)
K ν
′β′
F νβ ≡ F aν
′β′F aνβ −
1
4
F aρσF aρσδ
ν′
νδ
β′
β (5.20)
and with the new tensors, the last form of BIR action is
SBIR =
∫
d4xM2Plκ
2cDD
√−g
[
1 +
1
4
(λR
κ2
R +
λF
κ2
F νβFνβ +
λ˜F
κ2
F aνβF aνβ
)
− 1
8
(2λRλF
κ4
Kν
′β′
R νβF
νβFνprimeβ′ +
2λRλ˜F
κ4
Kν
′β′
R νβF
aνβF aν′β′
+
3λ2F
4κ4
F νβFν′β′FνβF
ν′β′ +
2λF λ˜F
κ4
Kν
′β′
F νβF
νβFν′β′
+
λ˜2F
κ4
Kν
′β′
F νβF
aνβF aνβ +O(A3)
]
(5.21)
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5.2. Abelian - Non Abelian Mixing in BIR
After long calculations we obtain the action given in Eq.(5.21). let us rewrite it
and examine term by term.
SBIR =
∫
d4xM2Plκ
2cDD
√−g
[
1 +
1
4
( λR
κ2
R︸ ︷︷ ︸
1
+
λF
κ2
F νβFνβ︸ ︷︷ ︸
2
+
λ˜F
κ2
F aνβF aνβ︸ ︷︷ ︸
3
)
− 1
8
( 2λRλF
κ4
Kν
′β′
R νβF
νβFν′β′︸ ︷︷ ︸
4
+
2λRλ˜F
κ4
Kν
′β′
R νβF
aνβF aν′β′︸ ︷︷ ︸
5
+
3λ2F
4κ4
F νβFν′β′FνβF
ν′β′︸ ︷︷ ︸
6
+
2λF λ˜F
κ4
Kν
′β′
F νβF
νβFν′β′︸ ︷︷ ︸
7
+
λ˜2F
κ4
Kν
′β′
F νβF
aνβF aνβ︸ ︷︷ ︸
8
+O(A3)
]
(5.22)
Here, the term labelled as 1 is just the Einstein-Hilbert term. It gives us General
Relativity in small curvature limit.
The term labelled as 2 is just Lagrangian of Field Strength. This term supplies us
to Electromagnetism.
3 is called as Yang-Mills term. It carries Non-Abelian part of the theory.
The terms 1, 2, 3 are not mixed terms. All of them responsible for their own field.
From there let us examine mixed terms.
The term labelled as 4 has mixing of Abelian Field Strength tensor and Curvature.
It can be interpreted as graviton-photon coupling and can be detected by means of High
Luminosity experiments.
5 is the Curvature- Non Abelian Field Strength Tensor coupling and it can be
interpreted graviton-gluon coupling due to High Energy experiments.
The term 6 is coupling of Abelian Field Strength Tensors, such as photon-photon
coupling.
7 is Abelian-Non Abelian Coupling. This is the main purpose of our thesis.
8 is coupling of two Non Abelian fields such as gluon-gluon coupling.
As a result, Born-Infeld-Riemann Gravity allows the mixing of Abelian and Non-
Abelian fields. This term can be responsible for photon-gluon coupling and it can be
observed by High Luminosity Experiments.
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CHAPTER 6
APPLICATION TO COSMOLOGY
A large part of modern cosmological theories are based on cosmological principle.
Cosmological principle is the hypothesis that the universe is spatially flat and isotropic
(Weinberg, 1972). Thus the standard cosmology is based on maximally spatially sym-
metric FRW line element which is
ds2 = −dt2 + a2(t)δijdxidxj for k = 0 (6.1)
(Riotto, 2002).In this chapter we examine our theories in terms of cosmology and what
they give us about cosmology. Let us start with brief explanation for inflationary cosmol-
ogy.
6.1. Inflationary Cosmology
Although Einstein claimed that universe must be static, Hubble’s observation
showed that universe was expanding with an accelerating rate (Hubble, 1929). In the
light of this observation and the others which were made after Hubble’s discovery inspire
the scientist to search a theory which explains accelerated universe. One of the expla-
nation is given by inflation. This theory was originally proposed by Alan Guth in 1980
(Guth, 1980). Inflation is the period of the accelerated expansion of the universe. Scalar
and vector fields can be source of the inflation. The expansion rate is related to the scale
factor which is originated from FRW metric (Appendix A). The evolution of the scale
factor is governed by Einstein Field Equations.
Rµν − 1
2
Rgµν = 8piGTµν (6.2)
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In the case of perfect fluid, energy momentum tensor becomes
Tµν = Diag
[
ρ, a2P, a2P, a2P
]
Let us examine Einstein Equation term by term. In case of µ = 0 and ν = 0
R00 − 1
2
Rg00 = 8piGT00 (6.3)
In light of Appendix A, this term becomes
3a˙2
a2
= 8piGρ (6.4)
Here
a˙
a
has a special meaning. It is called Hubble parameter and defined as
H =
a˙
a
(6.5)
From there, Einstein Field Equations for µ = 0 and ν = 0 take the form as
H2 =
8piG
3
ρ (6.6)
Moreover, in case of µ = i and ν = j
Rij − 1
2
Rgij = 8piGTij (6.7)
Using curvature tensor in FRW background (see Appendix A),
(
a¨a+ 2a˙2
)
δij − 1
2
6
(
a¨
a
+
a˙2
a2
)
a2δij = 8piG
(
a2Pδij
)
(6.8)
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In this equation we have second derivative of scale factor. We find the second and third
derivative of the scale factor by taking derivative on Eq. (6.5) with respect to time. Then
we obtain
a¨ =
(
H˙ +H2
)
a &
...
a =
(
H¨ + 3H˙H +H3
)
a (6.9)
By inserting this result in Eq.(6.8) and in case of i = j Eq.(6.8) becomes,
H˙ = −4piG (ρ+ P ) (6.10)
As a result, Einstein equation for perfect fluid becomes
H˙ = −4piG (ρ+ P ) & H2 = 8piG
3
ρ (6.11)
Since M2pl =
1
8piG
,
H˙ =
−1
2M2pl
(ρ+ P ) & H2 =
1
3M2pl
ρ (6.12)
By using equations given in Eq.(6.12), we can write density and pressure in terms of
Hubble parameter. Thus
ρ = 3M2plH
2 & P = −M2pl
(
2H˙ + 3H2
)
(6.13)
On the other hand, in terms of any scalar field- called as inflaton-H2 and H˙ can be written
as
H2 =
1
3
(
1
2
φ˙2 + V (φ)
)
H˙ =
−1
2
φ˙2 (6.14)
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Then equation of motion for the scalar field is
φ¨+ 3Hφ˙+ ∂φV (φ) = 0 (6.15)
Here, the term which contains φ˙ is just the friction term. To get inflation from scalar field
let us assume that we have a very flat potential, i.e the field vary slowly with respect to
time (Vaudrevange, 2010). In the light of this assumption, we can avoid terms which
contains derivative of the fields. From there let us define slow roll parameter:
ε =
−H˙
H2
(6.16)
Slow roll inflation is achieved where ε << 1. Moreover, to obtain a slow roll inflation,
we apply a constraint on the field φ such as
η << 1 where η =
φ˙
Hφ
(6.17)
In this thesis we obtain inflation field by means of Non Abelian field strength tensor. In
(§4) and (§) 5 we showed that Non Abelian field strength tensor embedded into geometry.
Thus, by the definition given below, we embedded not only Non-Abelian fields but also
inflaton field to the geometry. We obtain a scalar field such as inflaton, by applying gauge
fixing to the Non Abelian Field Strength tensor in FRW background. Gauge fixing is
given as
Aaµ =
{
µ = 0→ 0
µ = i→ φ(t)δai
(6.18)
Non-Abelian Field Strength tensor is
F aµν = ∂µA
a
ν − ∂νAaµ − gabcAbµAcν
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By applying gauge fixing in FRW background, it takes the form as
F a0i = φ˙δ
a
i & F
a0i = a−2φ˙δai
F aij = −gφ2aij & F aij = −a−4gφ2aij (6.19)
and also notice that for Abelian part we should use metric tensor also for raising and
lowering indices.
F 0i = −a−2F0i and F ij = a−4Fij (6.20)
In the following sections, we use these forms given in Eq. (6.19) and Eq. (6.20) for both
Abelian and Non Abelian Field Strength tensor.
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6.2. BIE in FRW Background
In this section we consider Born-Infeld-Einstein gravity in FRW Background to
understand its effect on cosmology. The action of BIE with Abelian and Non-Abelian
Fields was found in Eq. (4.50) and it is
SBIE =
∫
d4xM2Pl
√−g
{
a˜2 +
a˜
2
[
b R︸︷︷︸
0
− c
2
2a˜
FµνF
µν︸ ︷︷ ︸
1
+dF aναF
a
βνg
αβ︸ ︷︷ ︸
2
]
+
1
8
[
− 4bdRµνF aµαF aβνgαβ︸ ︷︷ ︸
3
+2bdRF aναF
a
βνg
αβ︸ ︷︷ ︸
4
− 2d2 F aµαF aβνgαβF bµε F bνθgεθ︸ ︷︷ ︸
5
+d2 F aναF
a
βνg
αβF bλεF
b
θλg
εθ︸ ︷︷ ︸
6
]
+
1
48a˜
[
d3 F aσβF aβσF
bλρF bρλF
cεηF cηε︸ ︷︷ ︸
7
+6d3 F aµαF
aα
νF
bνρF bµρF
cεηF cηε︸ ︷︷ ︸
8
− 8d3 F aσβF aβνF bνρF bµρF cµηF cησ︸ ︷︷ ︸
9
+bd2RF aσβF aβσF
bλρF bρλ︸ ︷︷ ︸
10
+ 6bd2RF aµαF
aα
νF
bνρF bµρ︸ ︷︷ ︸
11
−12bd2RνµF aµαF aανF bσηF bησ︸ ︷︷ ︸
12
+ 24bd2RνµF aσβF aβνF
b
µηF
bη
σ︸ ︷︷ ︸
13
−6bc2RF µνFνµ︸ ︷︷ ︸
14
+24bc2RνµF σνFµσ︸ ︷︷ ︸
15
− 6c2dF µνFνµF aσβF aβσ︸ ︷︷ ︸
16
+24c2dF σνF
νµF aµηF
aη
σ︸ ︷︷ ︸
17
]}
(6.21)
Here we should expand action given above in FRW background. Curvature terms give us
scalar factor and its derivative. Non Abelian fields give us also scalar field which inflates
the universe. Let us examine terms in the action one by one: The term labelled as 0 is the
just Curvature scalar. Expansion of this is given in Appendix A.
The term labelled as 1 is Abelian Field Strength Tensor. Since it is Abelian, it can
not be expand in FRW backgorund. It can be written just as
1→ 2F0iF i0 + FijF ji (6.22)
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Non Abelian Field Strength Tensor given in 2 in FRW background it takes the form as
2→ 6a−2
(
φ˙2 − a−2g2φ4
)
(6.23)
3 is the mixing of Ricci Tensor and Non Abelian Field Strength tensor. It is given as
3→ 12a−4 (a¨a+ a˙2) (φ˙2 − a−2g2φ4) (6.24)
4 is combination of curvature scalar and Non Abelian Field Strength Tensor and expansion
of that term is
4→ 36a−4 (a¨a+ a˙2) (φ˙2 − a−2g2φ4) (6.25)
Non Abelian Field Strength tensors are combined in 5
5→ 36a−4
(
φ˙4 − 2a−2g2φ˙2φ4 + a−4g4φ8
)
(6.26)
and also the other type of mixing of Non Abelian Fields is given in 6,
6→ 6a−4
(
2φ˙4 − a−2g2φ˙2φ4
)
(6.27)
In 7 we also see mixing of Non Abelian Fields
7→ 216a−6
(
φ˙6 − 3a−2g2φ˙4φ4 + 3a−4g4φ˙2φ8 − a−6g6φ12
)
(6.28)
Then the expansion of 8,
8→ 36a−6
(
2φ˙6 − 3a−2g2φ˙4φ4 + a−4g4φ˙2φ8
)
(6.29)
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and 9 takes the form as
9→ 6a−6
(
5φ˙6 − a−2g2φ˙4φ4 − 2a−4g4φ˙2φ8 + 4a−6g6φ12
)
(6.30)
Coupling of curvature terms and four Non Abelian fields are given in 10
10→ 216a−6 (a¨a+ a˙2) (φ˙4 − 2a−2g2φ˙2φ4 + a−4g4φ8) (6.31)
for 11,
11→ 36a−6 (a¨a+ a˙2) (2φ˙4 − a−2g2φ˙2φ4) (6.32)
for 12,
12→ 36a−6
[ (
2a¨a+ a˙2
)
φ˙4 − 3 (a¨a+ a˙2) a−2g2φ˙2φ4
+
(
a¨a+ 2a˙2
)
a−4g4φ8
]
(6.33)
and 13
13→ 6a−6 (5a¨a+ a˙2) φ˙4 − 42a−8 (a¨a+ 2a˙2) g2φ˙2φ4
+72a−10
(
a¨a+ 2a˙2
)
g4φ8 (6.34)
Abelian fields and curvature couplings signed as 14 and 15 are combined like as
14 + 15→ 2a−2 (14a¨aF0iF i0 + 5a˙2FijF ji) (6.35)
Expansion of Abelian-Non Abelian coupling are given in 16
16→ 12a−2
(
φ˙2 − a−2g2φ4
)
F0iF
i0 + 6a−2
(
φ˙2 − a−2g2φ4
)
FijF
ji (6.36)
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and 17
17→ 8a−2
(
2φ˙2 + a−2g2φ4
)
F0iF
i0 + 4a−2
(
φ˙2 + 2a−2g2φ4
)
FijF
ji (6.37)
The next step we should follow to substitute these expansions into the action. However
there are coefficients in action which are unknown. We have four coefficients in the
action which are a˜, b, c, d. To determine these coefficients, let us use well-known actions-
Einstein-Hilbert, Electromagnetism and Yang-Mills. Because the first way to understand
we have a consistent theory or not is to seek Einstein-Hilbert action in the limit of small
curvature (Escobar, 2012). Thus curvature terms in the action, should be the same as
Einstein-Hilbert term (Carroll, 2004).
SEH =
1
2
∫
d4x
√−gM2plR (6.38)
and Yang-Mills action (Quigg, 1983)
SYM =
−1
4
∫
d4x
√−gF aαβF aαβ (6.39)
Electromagnetism Action (Quigg, 1983)
SEM =
−1
4
∫
d4x
√−gFαβFαβ (6.40)
Then by comparing these well-known actions to the our action, coefficients can be deter-
mined as
a˜b = 1 , c2 =
1
M2pl
, d =
1
2a˜M2pl
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S =
∫
d4x
√−g
{[
M2pla˜
2 + 3M2pla
−2 (a¨a+ a˙2)− 1
4
FγνF
γν +
3
2
a2
(
φ˙2 − a2g2φ4
)]
+
3a−4
2a˜2
[
3
(
a¨a+ a˙2
)(
φ˙2 − a−2g2φ4
)
−
((
2a¨a+ a˙2
)
φ˙2 −
(
a¨a+ 2a˙2
)
a−2g2φ4
)
+
a2
6
(
12a¨aF0iF
i0 + 5a˙2FijF
ji
) ]
+
3a−4
a˜2M2pl
[
3
(
φ˙2 − a−2g2φ4
)2
− 1
2
(
φ˙4 − 2a−2g2φ˙2φ4
)
+ a2
((
φ˙2 − a−2g2φ4
) (
2F0iF
i0 + FijF
ji
) )
+
8a2
3
((
4φ˙2 + 2a−2g2φ4
)
F0iF
i0 +
(
φ˙2 + 2a−2g2φ4
)
FijF
ji
)]
+
3a−6
4a˜4M2pl
[−9
4
(
a¨a+ a˙2
) (
2φ˙4 − a−2g2φ˙2φ4
)
− 3
( (
2a¨a+ a˙2
)
φ˙4
− 3a−2 (a¨a+ a˙2) g2φ˙2φ4 + a−4 (a¨a+ 2a˙2) g4φ8)
+
( (
5a¨a+ a˙2
)
φ˙4 − 7a−2 (a¨a+ a˙2) g2φ˙2φ4 + 12a−4 (a¨a+ 2a˙2) g4φ8)]
+
a−6
16a˜4M4pl
[ (
φ˙6 − 2a−2g2φ˙4φ4 − 12a−4g4φ˙2φ8 + 17a−6g6φ12
)
+ 27
(
a¨a+ a˙2
) (
φ˙2 − a−2g2φ4
)2 ]}
(6.41)
Let us define
a˜2 ≡ M2
where M denotes mass (which is approximately in the order of Mpl, but not equal to it)
and
 ≡ ±1
. Then the action becomes,
S =
∫
d4x
√−g
{
M2M2pl + 3M
2
pla
−2 (a¨a+ a˙2)− 1
4
FγνF
γν
+
3a−2
2
(
φ˙2 − a−2g2φ4
)
+
3a−4
2M2
[
3
(
a¨a+ a˙2
) (
φ˙2 − a−2g2φ4
)
−
((
2a¨a+ a˙2
)
φ˙2 − a−2 (a¨a+ 2a˙2) g2φ4)+ a2
6
(
12a¨aF0iF
i0 + 5a˙2FijF
ji
) ]
+
3a−4
8M2M2pl
[
3
(
φ˙2 − a−2g2φ4
)2
− 1
2
(
φ˙4 − 2a−2g2φ˙2φ4
)
+ a2
((
φ˙2 − a−2g2φ4
) (
2F0iF
i0 + FijF
ji
))
+
(
4φ˙2 + 2a−2g2φ4
)
F0iF
i0 +
(
φ˙2 + 2a−2g2φ4
)
FijF
ji
]}
(6.42)
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we neglect
1
2M4M2pl
and
1
2M4M4pl
terms since they give very small contribution to the
action. Let us examine FRW background briefly:
One of the solutions of the Einstein Equations is FRW solution. FRW solution
defines universe as isotropic and homogeneous. Metric tensor for FRW solution is given
as
ds2 = −dt2 + a(t)2δijdxidxj
where a(t) denotes Scale Factor which is responsible from expanding of the universe.
Scale factor is also related to radius of the universe. Moreover scale factor is a dimension-
less quantity since metric tensor is also dimensionless. In matrix form, metric tensor for
FRW background is written as
gµν =

−1 0 0 0
0 a(t)2 0 0
0 0 a(t)2 0
0 0 0 a(t)2
 (6.43)
Bu using this matrix form, we calculate determinant of metric tensor gµν
det (gµν) =
∣∣∣∣∣∣∣∣∣∣∣
−1 0 0 0
0 a(t)2 0 0
0 0 a(t)2 0
0 0 0 a(t)2
∣∣∣∣∣∣∣∣∣∣∣
(6.44)
det gµν = −1
∣∣∣∣∣∣∣∣
a(t)2 0 0
0 a(t)2 0
0 0 a(t)2
∣∣∣∣∣∣∣∣+ 0 + 0 + 0 (6.45)
det gµν = −a6 (6.46)
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Substituting det (gµν) in √−g ≡
√
− det (gµν)
,
√−g becomes,
√−g = a3 (6.47)
As we mention before, scale factor (a(t)) correlates with radius of the universe (R). Thus
let us make a definition:
R ≡ ξa (6.48)
where ξ is a constant that does not depend on time and [ξ] = M−1. Then,
∫
d4x =
∫
dt
∫ R
0
d3x =
∫
dtR3 =
∫
dtξ3a3 (6.49)
Therefore,
∫
d4x
√−g =
∫
dtξ3a6 (6.50)
Let us substitute (6.50) to the action
S =
∫
dt
{
ξ3a6M2M2pl + 3ξ
3M2pla
4
(
a¨a+ a˙2
)− ξ3a6
4
FγνF
γν
+
3ξ3a4
2
(
φ˙2 − a−2g2φ4
)
+
3ξ3a2
2M2
[ (
a¨a+ 2a˙2
)
φ˙2 − (2a¨a+ a˙2) a−2g2φ4
+
a2
6
(
12a¨aF0iF
i0 + 5a˙2FijF
ji
) ]
+
3ξ3a2
8M2M2pl
[5
2
φ˙4 − 5a−2g2φ˙2φ4
+ 3a−4g4φ8 +
a2
3
((
38φ˙2 + 10a−2g2φ4
)
F0iF
i0
+
(
11φ˙2 + 13a−2g2φ4
)
FijF
ji
)]}
(6.51)
We obtain a theory which consists of two scalar field, a(t) and φ(t). Both fields only
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depend on a parameter, time. Also,
ξ3a6M2M2pl (6.52)
denotes vacuum energy.
6.2.1. Inflation from BIE?
To examine inflationary setup, we choose c = 0 and so all contributions coming
from Abelian Field Strength Tensor disappear in action. Hence,
S =
∫
d4x
√−g
{
M2M2pl + 3M
2
pla
−2 (a¨a+ a˙2)+ 3a−2
2
(
φ˙2 − a−2g2φ4
)
+
3a−4
2M2
[(
a¨a+ 2a˙2
)
φ˙2 − (2a¨a+ a˙2) a−2g2φ4]
+
3a−4
8M2M2pl
[
5
2
φ˙4 − 5a−2g2φ˙2φ4 + 3a−4g4φ8
]}
(6.53)
and inserting Eq.(6.50)
S =
∫
dt
{[
ξ3a6M2M2pl + 3ξ
3M2pla
4
(
a¨a+ a˙2
)
+
3ξ3a4
2
(
φ˙2 − a−2g2φ4
)]
+
3ξ3a2
2M2
[ (
a¨a+ 2a˙2
)
φ˙2 − (2a¨a+ a˙2) a−2g2φ4]
+
3ξ3a2
8M2M2pl
[5
2
φ˙4 − 5a−2g2φ˙2φ4 + 3a−4g4φ8
]}
(6.54)
Eq.(6.54) is the action without Abelian contributions. Since the action does not contain
second derivative of φ, i.e. φ¨, the theory does not contain ghosts.
Let us find Equations of motion. Since we have two dynamical variables, we
should have e.o.m for both of them. Let us start with φ(t). To obtain equations of motions,
we can use Euler-Lagrange equation which is (see Appendix B)
d
dt
(
∂Leff
∂φ˙
)
−
(
∂Leff
∂φ
)
= 0 (6.55)
48
Our Lagrange is
Leff =
{[
ξ3a6M2M2pl + 3ξ
3M2pla
4
(
a¨a+ a˙2
)
+
3ξ3a4
2
(
φ˙2 − a−2g2φ4
)]
+
3ξ3a2
2M2
[ (
a¨a+ 2a˙2
)
φ˙2 − (2a¨a+ a˙2) a−2g2φ4]
+
3ξ3a2
8M2M2pl
[5
2
φ˙4 − 5a−2g2φ˙2φ4 + 3a−4g4φ8
]}
(6.56)
From there inserting Eq. (6.56) in (6.55)
0 =
d
dt
[
3ξ3a4φ˙+
3ξ3a2
M2
(
a¨a+ 2a˙2
)
φ˙+
15ξ3a2
4M2M2pl
φ˙3 − 15ξ
3
4M2M2pl
g2φ˙φ4
]
−
[
−6ξ3a2g2φ3 − 6ξ
3
M2
(
2a¨a+ a˙2
)
g2φ3− 30ξ
3
4M2M2pl
g2φ˙2φ3 +
9ξ3a−2
M2M2pl
g4φ7
]
(6.57)
By taking derivative with respect to time,
0 =
[
12ξ3a3a˙φ˙+ 3ξ3a4φ¨+
3ξ3
M2
(
3a2a˙a¨+ a3
...
a + 4aa˙3 + 4a2a˙a¨
)
φ˙
+
3ξ3a2
M2
(
a¨a+ 2a˙2
)
φ¨+
30ξ3
4M2M2pl
aa˙φ˙3 +
45ξ3
4M2M2pl
a2φ˙2φ¨
− 15ξ
3
4M2M2pl
g2φ¨φ4 − 15ξ
3g2
4M2M2pl
φ˙2φ3
]
−
[
− 6ξ3a2g2φ3 − 6ξ
3
M2
(
2a¨a+ a˙2
)
g2φ3 − 30ξ
3
4M2M2pl
g2φ˙2φ3 +
9ξ3a−2
M2M2pl
g4φ7
]
(6.58)
If we divide both sides with 3ξ3 and arrange a little bit,
0 =
[
a4 +
a2
M2
(
a¨a+ 2a˙2
)
+
15
4M2M2pl
a2φ˙2 − 5
4M2M2pl
g2φ4
]
φ¨
+
10
4M2M2pl
aa˙φ˙3 +
5
4M2M2pl
g2φ3φ˙2
+
[
4a3a˙+
1
M2
(
7a2a˙a¨+ a3
...
a + 4aa˙3
) ]
φ˙
+
[
2a2g2 +
2
M2
(
2a¨a+ a˙2
)
g2
]
φ3 +
3a−2
M2M2pl
g4φ7 (6.59)
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and replacing derivatives of scale factor with Hubble parameter by using Eq. (6.12)
0 =
[
a4 +
a4
M2
(
H˙ +H2 + 2H2
)
+
15
4M2M2pl
a2φ˙2 − 5
4M2M2pl
g2φ4
]
φ¨
+
10
4M2M2pl
a2Hφ˙3 +
5
4M2M2pl
g2φ3φ˙2
+
[
4a4H +
1
M2
(
7a4
(
H˙H +H3
)
+ a4
(
H¨ + 3H˙H +H3
)
+ 4a4H3
) ]
φ˙
+
[
2a2g2 +
2a2
M2
(
2H˙ + 3H2
)
g2
]
φ3 +
3a−2
M2M2pl
g4φ7 (6.60)
and finally equation for motion for φ(t) in terms of Hubble Parameter is
0 =
[
a4 +
a4
M2
(
H˙ + 3H2
)
+
15
4M2M2pl
a2φ˙2 − 5
4M2M2pl
g2φ4
]
φ¨
+
10
4M2M2pl
a2Hφ˙3 +
5
4M2M2pl
g2φ3φ˙2
+
[
4a4H +
1
M2
a4
(
H¨ + 10H˙H + 12H3
) ]
φ˙
+
[
2a2g2 +
2a2
M2
(
2H˙ + 3H2
)
g2
]
φ3 +
3a−2
M2M2pl
g4φ7 (6.61)
In the case of inflation, since variation on φ should be negligible, we can avoid terms in
equation of motion for φ(t) which consist of derivative of φ. Then only surviving terms
are
0 =
3a−2
M2M2pl
g4φ7 +
{
2a2g2
1 +
(
2H˙ + 3H2
)
M2
}φ3 (6.62)
Then we can also neglect the term which contains (
2H˙+3H2)
M2
because of M2. Then it
becomes,
0 =
3a−2
M2M2pl
g4φ7 + 2a2g2φ3 (6.63)
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As a result, it takes the form as
(
φ
a
)4
= −2M
2M2pl
3g2
. (6.64)
This is the equation of φ in case of inflation.
The next step we should do is to find density and pressure for BIE gravity. Density
and pressure are found by using
ρ =
∂Leff
∂φ˙
φ˙− Leff
P =
∂(a3Leff )
∂a3
(6.65)
(Maleknejad, 2011). Lagrangian of the system given is
Leff = M2M2pl + 3M2pla−2
(
a¨a+ a˙2
)
+
3a−2
2
(
φ˙2 − a−2g2φ4
)
+
3a−4
2M2
[(
a¨a+ 2a˙2
)
φ˙2 − (2a¨a+ a˙2) a−2g2φ4]
+
3a−4
8M2M2pl
[
5
2
φ˙4 − 5a−2g2φ˙2φ4 + 3a−4g4φ8
]
(6.66)
By using Leff ,
∂Leff
∂φ˙
= 3a−2φ˙+
3a−4
M2
(
a¨a+ 2a˙2
)
φ˙+
15a−4
4M2M2pl
φ˙3 − 15a
−2
4M2M2pl
g2φ˙φ4 (6.67)
Substituting this result in Eq. (6.65),
ρ = −M2M2pl − 3M2pla−2
(
a¨a+ a˙2
)
+
3a−2
2
(
φ˙2 + a−2g2φ4
)
+
3a−4
2M2
[(
a¨a+ 2a˙2
)
φ˙2 +
(
2a¨a+ a˙2
)
a−2g2φ4
]
+
3a−4
8M2M2pl
[
15
2
φ˙4 − 5a−2g2φ˙2φ4 − 3a−4g4φ8
]
(6.68)
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By replacing a˙ and a¨ by H˙ and H2 using Eq. (6.12),
ρ = −M2M2pl − 3M2pl
(
H˙ + 2H2
)
+
3
2
a−2
(
φ˙2 + a−2g2φ4
)
+
3a−2
2M2
[(
H˙ + 3H2
)
φ˙2 +
(
2H˙ + 3H2
)
a−2g2φ4
]
+
3a−4
8M2M2pl
[
15
2
φ˙4 − 5a−2g2φ˙2φ4 − 3a−4g4φ3
]
(6.69)
This is density of the system in terms of Hubble parameter. To find pressure,
a3Leff = a3M2M2pl + 3M2pla
(
a¨a+ a˙2
)
+
3a
2
(
φ˙2 − a−2g2φ4
)
+
3a−1
2M2
[(
a¨a+ 2a˙2
)
φ˙2 − (2a¨a+ a˙2) a−2g2φ4]
+
3a−1
8M2M2pl
[
5
2
φ˙4 − 5a−2g2φ˙2φ4 + 3a−4g4φ8
]
(6.70)
Thus inserting Eq. (6.70) in (6.65),
P = M2M2pl +M
2
pla
−2 (2a¨a+ a˙2)+ a−2
2
(
φ˙2 + a−2g2φ4
)
+
a−4
M2
[
−2a˙2φ˙2 + a−2 (4a¨a+ 3a˙2) g2φ4]
+
a−4
8M2M2pl
[
−5
2
φ˙4 + 15a−2g2φ˙2φ4 − 15a−4g4φ8
]
(6.71)
and by using Eq. (6.12), it becomes
P = M2M2pl +M
2
pla
−2
(
2H˙ + 3H2
)
+
a−2
2
(
φ˙2 + a−2g2φ4
)
+
a−2
M2
[
−2H2φ˙2 + a−2
(
4H˙a+ 7H2
)
g2φ4
]
+
a−4
8M2M2pl
[
−5
2
φ˙4 + 15a−2g2φ˙2φ4 − 15a−4g4φ8
]
(6.72)
From now we have density and pressure equations given by BIE with Abelian and Non
Abelian Fields. Einstein’s Field Equations in FRW background also gives us density and
pressure equations. Let us equate density equations, one of them is calculated by us and
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the other is given in Eq. (6.13).
3M2plH
2 = −M2M2pl − 3M2plH˙ − 6M2plH2 +
3
2
a−2
(
φ˙2 + a−2g2φ4
)
+
3a−2φ˙2
2M2
H˙ +
9a−2φ˙2
2M2
H2 +
3a−4g2φ4
M2
H˙ +
9a−4g2φ4
2M2
H2
+
3a−4
8M2M2pl
{ 15
2
φ˙4 − 5a−2g2φ˙2φ4 − 3a−4g4φ8
}
(6.73)
If we arrange it,
(
9M2pl −
9a−2
2M2
(
φ˙2 + a−2g2φ4
))
H2 +
(
3M2pl −
3a−2
2M2
(
φ˙2 + 2a−2g2φ4
))
H˙
= −M2M2pl +
3
2
a−2
(
φ˙2 + a−2g2φ4
)
+
3a−4
8M2M2pl
[15
2
φ˙4 − 5a−2g2φ˙2φ4 − 3a−4g4φ8
]
(6.74)
By applying slow roll condition given in Eq. (6.17)
(
9M2pl −
9a−2
2M2
(
η2H2φ2 + a−2g2φ4
) )
H2
+
(
3M2pl −
3a−2
2M2
(
η2H2φ2 + 2a−2g2φ4
))
H˙
= −M2M2pl +
3
2
a−2
(
η2H2φ2 + a−2g2φ4
)
+
3a−4
8M2M2pl
[15
2
η4H4φ4 − 5a−2g2η2H2φ6 − 3a−4g4φ8
]
(6.75)
All terms which consist of η negligible because of η << 1. Then equation given above
becomes,
(
9M2pl −
9a−4g2φ4
2M2
)
H2 +
(
3M2pl −
3a−4g2φ4
M2
)
H˙
= −M2M2pl +
3
2
a−4g2φ4 − −9a
−3
8M2M2pl
g4φ8 (6.76)
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Finally, inserting Eq.(6.64)
(
9M2pl − 3M2pl
)
H2 +
(
3M2pl − 2M2pl
)
H˙ = −M2M2pl + M2M2pl −
M2M2pl
2
(6.77)
Combining terms which are related to each other and dividing both sides with M2pl
6H2 + H˙ = −M
2
2
(6.78)
Let us follow same procedure for pressure. By using Eq. (6.13),
−M2pl
(
2H˙ + 3H2
)
= M2M2pl +M
2
pl
(
2H˙ + 3H2
)
+
a−2
2
(
φ˙2 + a−2g2φ4
)
+
a−2
M2
(
−2H2φ˙2 + a−2
(
4H˙ + 7H2
)
g2φ4
)
+
a−4
8M2M2pl
(−5
2
φ˙4 + 15a−2g2φ˙2φ4 − 15a−4g4φ8
)
(6.79)
and then
(
−4M2pl −
4a−4
M2
g2φ4
)
H˙ +
(
−6M2pl −
2a−2
M2
φ˙2 − 7a
−4
M2
g′2φ4
)
H2
= M2M2pl +
a−2
2
(
φ˙2 + a−2g2φ4
)
+
a−4
8M2M2pl
(−5
2
φ˙4 + 15a−2g2φ˙2φ4 − 15a−4g4φ8
)
(6.80)
Applying slow roll condition given in Eq. (6.17),
(
−4M2pl −
4a−4
M2
g2φ4
)
H˙ +
(
−6M2pl −
2a−2
M2
η2H2φ2 − 7a
−4
M2
g′2φ4
)
H2
= M2M2pl +
a−2
2
(
η2H2φ2 + a−2g2φ4
)
+
a−4
8M2M2pl
(−5
2
η4H4φ4 + 15a−2g2η2H2φ6 − 15a−4g4φ8
)
(6.81)
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omitting terms which contain η,
(
−4M2pl −
4a−4
M2
g2φ4
)
H˙ +
(
−6M2pl −
7a−4
M2
g′2φ4
)
H2
= M2M2pl +
a−4
2
g2φ4 − 15a
−8
8M2M2pl
g4φ8 (6.82)
By inserting Eq.(6.64)
{
4M2pl −
4g2
M2
(
2M2M2pl
3g2
)}
H˙ +
{
6M2pl −
7g2
M2
(
2M2M2pl
3g2
)}
H2
= M2M2pl +
g2
2
(
2M2M2pl
3g2
)
− 15g
4
8M2M2pl
(
42M4M4pl
9g4
)
(6.83)
and hence combining terms
−20M2pl
3
H˙ − 32M
2
pl
3
H2 =
−37M2M2pl
6
(6.84)
Dividing both sides with M2pl
−20
3
H˙ − 32
3
H2 =
−37M2
6
(6.85)
In the end, the last step to understand whether Born-Infeld-Einstein Gravity with Non
Abelian Fields gives us inflation or not is to solve Eq.(6.78) and (6.85) together. Then the
result is
H2 =
−57
176
M2 (6.86)
and
H˙ =
127
88
M2 (6.87)
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Finally let us calculate slow roll parameter ε given in Eq.(6.16). For a successful infla-
tionary model, this parameter should supply the condition ε << 1
ε =
−H˙
H2
=
(−127M2
88
)
(−57M2
176
)
' 4, 46 (6.88)
As a result Born-Infeld-Einstein Gravity with Non Abelian Fields does not explain Infla-
tion
6.3. BIR in FRW Background
We examine Born-Infeld-Riemann Gravity in detail in (§5.1). In this section we
explain how BIR with Abelian - Non Abelian Fields gives us inflation.
S =
∫
d4xM2plκ
2cDD
√−g
{
1 +
1
4κ2
(
λRR + λFF
νβFνβ + λF˜F
aνβF aνβ
)
− 1
8κ4
[
2λRλFK
νβ
R ν′β′F
ν
′
β
′
Fνβ + 2λRλF˜K
νβ
R ν′β′F
aν
′
β
′
F aνβ
+
3λ2F
4
F νβFνβF
ν
′
β
′
Fν′β′ + 2λFλF˜K
νβ
F ν
′
β
′F
ν
′
β
′
Fνβ + λ
2
F˜
K νβ
F ν′β′F
bν
′
β
′
F bνβ
]
+ O(A3)
}
(6.89)
Here Eq.(6.89) is the last BIR action of the theory where K νβ
R ν′β′ and K
νβ
F ν′β′ defined in
Eq.(5.19) and Eq. (5.20) respectively. Let us expand these tensors one by one and see
what they gives in the case of FRW background and gauge fixing.
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In light of Appendix A,
K 0iR 0j = R
0i
0j −
1
4
R δ00︸︷︷︸
1
δij
= giµR0µ0j −
1
4
Rδij
=
gi0R000j︸ ︷︷ ︸
0
+ gik︸︷︷︸
a−2δik
R0k0j︸ ︷︷ ︸
Rkj
− 1
4
Rδij
=
(
a−2Rkj − 1
4
Rδkj
)
δki
=
(
a−2
(
a¨a+ 2a˙2
)
δkj − 6
4
(
a¨
a
+
a˙2
a2
)
δkj
)
δki
=
−1
2
(
a¨
a
− a˙
2
a2
)
δkjδ
ki︸ ︷︷ ︸
δij
=
−1
2
(
a¨
a
− a˙
2
a2
)
δij (6.90)
K 0iR j0 = R
0i
j0︸︷︷︸
−R0i0j
−1
4
Rδ0jδ
i
0︸ ︷︷ ︸
δij
= −giµR0µ0j −
1
4
Rδij
= −
gi0R000j︸ ︷︷ ︸
0
+ gik︸︷︷︸
a−2δik
R0k0j︸ ︷︷ ︸
Rkj
− 1
4
Rδij
=
(
−a−2Rkj − 1
4
Rδkj
)
δki
=
(
−a−2 (a¨a+ 2a˙2) δkj − 6
4
(
a¨
a
+
a˙2
a2
)
δkj
)
δki
=
−1
2
(
5a¨
a
+
7a˙2
a2
)
δkjδ
ki︸ ︷︷ ︸
δij
=
−1
2
(
5a¨
a
+
7a˙2
a2
)
δij (6.91)
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K 0iR jk = R
0i
jk −
1
4
Rδ0jδ
i
k︸ ︷︷ ︸
0
= giµR0µjk
= gi0R00jk︸ ︷︷ ︸
0
+ gil︸︷︷︸
a−2δil
R0ljk
= a−2R0ijk
= a−2Rik δ0j︸︷︷︸
0
= 0 (6.92)
K ijR 0k = R
ij
0k −
1
4
Rδi0δ
j
k︸ ︷︷ ︸
0
= gjµRiµ0k
= gj0Ri00k︸ ︷︷ ︸
0
+ gjl︸︷︷︸
a−2δjl
Ril0k
= a−2Ri j0k
= a−2Rjk δi0︸︷︷︸
0
= 0 (6.93)
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K ijR kl = R
ij
kl −
1
4
Rδikδ
j
l
= gjµRiµkl −
1
4
Rδikδ
j
l
=
gj0Ri0kl︸ ︷︷ ︸
0
+ gjm︸︷︷︸
a−2δjm
Rimkl
− 1
4
Rδikδ
j
l
= a−2δjmRmlδik −
1
4
Rδikδ
j
l
=
(
a−2Rml − 1
4
Rδmlδ
j
l
)
δjmδik
=
[
a−2
(
a¨a+ 2a˙2
)
δml − 6
4
(
a¨
a
+
a˙2
a2
)
δml
]
δjmδik
=
−1
2
(
a¨
a
− a˙
2
a2
)
δmlδ
jm︸ ︷︷ ︸
δjl
δik
=
−1
2
(
a¨
a
− a˙
2
a2
)
δjlδ
i
k (6.94)
Due to symmetry conditions of Riemann Tensor,
K 0iR j0 = K
0i
R 0j
K i0R j0 = K
0i
R 0j
K 0iR jk = −K i0R jk
K ijR 0k = −K ijR k0 (6.95)
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Let us expand K νβ
R ν′β′F
ν
′
β
′
Fνβ . We expand indices ν, β, ν
′
, β
′ respectively.
K νβ
R ν′β′F
ν
′
β
′
Fνβ = K
0β
R ν′β′F
ν
′
β
′
F0β +K
iβ
R ν′β′F
ν
′
β
′
Fiβ
=
(
K 00
R ν′β′F
ν
′
β
′
F00︸︷︷︸
0
+K 0i
R ν′β′F
ν
′
β
′
F0i
)
+
(
K i0
R ν′β′F
ν
′
β
′
Fi0 +K
ij
R ν′β′F
ν
′
β
′
Fij
)
=
(
K 0i
R 0β′F
0β
′
F0i +K
0i
R jβ′F
jβ
′
F0i
)
+
(
K i0
R 0β′F
0β
′
Fi0 +K
i0
R jβ′F
jβ
′
Fi0
)
+
(
K ij
R 0β′F
0β
′
Fij +K
ij
R kβ′F
kβ
′
Fij
)
=
(
K 0iR 00 F
00︸︷︷︸
0
F0i +K
0i
R 0jF
0jF0i
)
+
(
K 0iR j0F
j0F0i +K
0i
R jkF
jkF0i
)
+
(
K i0R 00 F
00︸︷︷︸
0
Fi0 +K
i0
R 0jF
0jFi0
)
+
(
K i0R j0F
j0Fi0 +K
i0
R jkF
jkFi0
)
+
(
K ijR 00 F
00︸︷︷︸
0
Fij +K
ij
R 0kF
0kFij
)
+
(
K ijR k0F
k0Fij +K
ij
R klF
klFij
)
= K 0iR 0jF
0jF0i +K
0i
R j0F
j0F0i +K
0i
R jkF
jkF0i +K
i0
R 0jF
0jFi0
+ K i0R j0F
j0Fi0 +K
i0
R jkF
jkFi0 +K
ij
R 0kF
0kFij +K
ij
R k0F
k0Fij
+ K ijR klF
klFij (6.96)
In this step we can use Eq. (6.90), (6.91), (6.92), (6.93), (6.94) and (6.95). Also by using
antisymmetric property of Abelian Field Strength tensor
Fµν = −Fνµ or F µν = −F νµ
Eq.(6.96) becomes
K νβ
R ν′β′F
ν
′
β
′
Fνβ = 4
(
a¨
a
+ 2
a˙2
a2
)
F 0iF0i − 1
2
(
a¨
a
− a˙
2
a2
)
F ijFij (6.97)
Let us expandK νβ
R ν′β′F
aν
′
β
′
F aνβ . This term has the same structure withK
νβ
R ν′β′F
ν
′
β
′
Fνβ
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since both Abelian and Non Abelian Field Strength tensors are antisymmetric. Thus all
diagonal elements of Non-Abelian Field Strength tensor are also zero. Then, we can use
the expansion given in Eq.(6.96) for this term too.
K νβ
R ν′β′F
aν
′
β
′
F aνβ = K
0i
R 0jF
a0jF a0i +K
0i
R j0F
aj0F a0i +K
0i
R jkF
ajkF a0i
+ K i0R 0jF
a0jF ai0 +K
i0
R j0F
aj0F ai0 +K
i0
R jkF
ajkF ai0
+ K ijR 0kF
a0kF aij +K
ij
R k0F
ak0F aij +K
ij
R klF
aklF aij (6.98)
By using Eq. (6.19), (6.90), (6.91, )(6.92), (6.93), (6.94) and (6.95)
K νβ
R ν′β′F
aν
′
β
′
F aνβ = 3a
−2
[
4
(
a¨
a
+ 2
a˙2
a2
)
φ˙2 − a−2
(
a¨
a
− a˙
2
a2
)
g2φ4
]
(6.99)
We calculated terms which are related to curvature until now. The next step to obtain
a theory based on FRW background is to find contributions which comes from Non
Abelian Field Strength Tensor. We can see this part in the action as K νβ
F ν′β′F
ν
′
β
′
F νβ
and K νβ
F ν′β′F
aν
′
β
′
F aνβ . To find these terms, firstly let us calculate K
νβ
F ν′β′ which is
given in Eq. (5.20).
K 0iF 0j = F
a0iF a0j −
1
4
F aρσF aρσ︸ ︷︷ ︸
A
δ00︸︷︷︸
1
δij (6.100)
The term called as A is in general form and we use it for all of K νβ
F ν′β′ . Then we should
calculate it firstly.
F aρσF aρσ = F
a0σF a0σ + F
aiσF aiσ
=
(
F a00F a00︸ ︷︷ ︸
0
+F a0iF a0i
)
+
(
F ai0F ai0 + F
aijF aij
)
=
(
−a−2φ˙δaiφ˙δai
)
+
[(
a−2φ˙δai
)(
φ˙δai
)
+
(−a−4gφ2aij) (−gφ2aij)]
= 6a−2
(
a−2g2φ4 − φ˙2
)
(6.101)
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From there,
K 0iF 0j =
[(
−a−2φ˙δai
)(
φ˙δaj
)]
− 6
4
(
a−4g2φ4 − a−2φ˙2
)
δij
=
a−2
2
(
φ˙2 − 3a−2g2φ4
)
δij (6.102)
K 0iF j0 = F
a0iF aj0 −
1
4
F aρσF aρσ δ
0
jδ
i
0︸ ︷︷ ︸
δij
(6.103)
By using Eq.(6.19)and (6.101), it becomes;
K 0iF j0 =
a−2
2
(
5φ˙2 − 3a−2g2φ4
)
δij (6.104)
K 0iF jk = F
a0iF ajk −
1
4
F aρσF aρσ δ
0
jδ
i
k︸ ︷︷ ︸
0
= F a0iF ajk
= a−2gφ˙φ2ijk (6.105)
K ijF 0k = F
aijF a0k −
1
4
F aρσF aρσ δ
i
0δ
j
k︸ ︷︷ ︸
0
= F aijF a0k
= −a−4gφ˙φ2 ijk (6.106)
K ijF kl = F
aijF akl −
1
4
F aρσF aρσδ
i
kδ
j
l
=
[(−a−4gφ2aij) (−gφ2akl)]− 6a−24 (a−2g2φ4 − φ˙2) δikδjl
=
a−2
2
(
3φ˙2 − a−2g2φ4
)
δikδ
j
l − a−4g2φ4δilδjk (6.107)
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since
aijakl = δ
i
kδ
j
l − δilδjk
For the other components of K νβ
F ν′β′ , we can use antisymmetry property, which supplies
us equations given below, of Non Abelian Field Strength Tensor.
K 0iF 0j = K
i0
F j0
K 0iF j0 = K
i0
F 0j
K 0iF jk = −K i0F jk
K ijF 0k = −K ijF k0 (6.108)
Let us expand K νβ
F ν
′
β
′F ν
′
β
′
Fνβ one by one.
K νβ
F ν′β′F
ν
′
β
′
Fνβ = K
0β
F ν′β′F
ν
′
β
′
F0β +K
iβ
F ν′β′F
ν
′
β
′
Fiβ
=
(
K 00
F ν′β′F
ν
′
β
′
F00︸︷︷︸
0
+K 0i
F ν′β′F
ν
′
β
′
F0i
)
+
(
K i0
F ν′β′F
ν
′
β
′
Fi0 +K
ij
F ν′β′F
ν
′
β
′
Fij
)
=
(
K 0i
F 0β′F
0β
′
F0i +K
0i
F jβ′F
jβ
′
F0i
)
+
(
K i0
F 0β′F
0β
′
Fi0 +K
i0
F jβ′F
jβ
′
Fi0
)
+
(
K ij
F 0β
′F
0β
′
Fij +K
ij
F kβ′F
kβ
′
Fij
)
=
(
K 0iF 00 F
00︸︷︷︸
0
F0i +K
0i
F 0jF
0jF0i
)
+
(
K 0iF j0F
j0F0i +K
0i
F jkF
jkF0i
)
+
(
K i0F 00 F
00︸︷︷︸
0
Fi0 +K
i0
F 0jF
0jFi0
)
+
(
K i0F j0F
j0Fi0 +K
i0
F jkF
jkFi0
)
+
(
K ijF 00 F
00︸︷︷︸
0
Fij +K
ij
F 0kF
0kFij
)
+
(
K ijF k0F
k0Fij +K
ij
F klF
klFij
)
= K 0iF 0jF
0jF0i +K
0i
F j0F
j0F0i +K
0i
F jkF
jkF0i +K
i0
F 0jF
0jFi0
+ K i0F j0F
j0Fi0 +K
i0
F jkF
jkFi0 +K
ij
F 0kF
0kFij +K
ij
F k0F
k0Fij
+ K ijF klF
klFij (6.109)
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By using Eq. (6.102), (6.104), (6.105), (6.106), (6.107), (6.108) and (6.20)
K νβ
F ν′β′F
ν
′
β
′
Fνβ = −4a−2φ˙2F 0iF0i − 4a−4gφ˙φ2FijF 0k ijk
+
a−2
2
(
3φ˙2 + a−2g2φ4
)
F ijFij (6.110)
and also we have
K νβ
F ν′β′F
bν
′
β
′
F bνβ = 12a
−4φ˙4 − 15a−6g2φ˙2φ4 + 3a−8g4φ8 (6.111)
and finally inserting Eq. (A.11), (6.19), (6.97), (6.99), (6.110), (6.111) in (6.89)
S =
∫
d4xM2plκ
2cDD
√−g
{
1 +
3λR
2κ2
(
a¨
a
+
a˙2
a2
)
︸ ︷︷ ︸
1
+
3λF˜
2κ2
(
a−4g2φ4 − a−2φ˙2
)
︸ ︷︷ ︸
2
+
λF
4κ2
F νβFνβ︸ ︷︷ ︸
3
− 1
8κ4
[
2λRλF
(
8
(
a¨
a
+ 2
a˙2
a2
)
F 0iFi0 −
(
a¨
a
− a˙
2
a2
)
F ijFij
)
+ 6λRλF˜
(
4a−2φ˙2
(
a¨
a
+ 2
a˙2
a2
)
− a−4g2φ4
(
a¨
a
− a˙
2
a2
))
+
3λ2F
4
F νβFνβF
ν
′
β
′
Fν′β′
+ λFλF˜
(
− 8
(
a−2φ˙2F 0iF0i + a−4gφ˙φ2F ijF0k
ij
k
)
+
(
a−4g2φ4 + 3a−2φ˙2
)
F ijFij
)
+ 3λ2
F˜
(
4a−4φ˙4 − 5a−6g2φ˙2φ4 + a−8g4φ8
)]}
(6.112)
This is action of Born-Infeld-Riemann Gravity in FRW Background (for simplicity, we
avoid O(A3)). Here we have three different coefficients which are λR, λF and λF˜ . To
determine these coefficients, let us use well-known actions- Einstein-Hilbert, Electromag-
netism and Yang-Mills.Because the first way to understand we have a consistent theory or
not is to seek Einstein-Hilbert action in the limit of small curvature (Escobar, 2012). Thus
curvature terms in the action, which is signed as 1, should be the same as Einstein-Hilbert
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term (Carroll, 2004).
SEH =
1
2
∫
d4x
√−gM2plR (6.113)
The term labeled as 2 should be the same as Yang-Mills action (Quigg, 1983)
SYM =
−1
4
∫
d4x
√−gF aαβF aαβ (6.114)
and 3 should be the same as Electromagnetism Action (Quigg, 1983)
SEM =
−1
4
∫
d4x
√−gFαβFαβ (6.115)
If we compare these terms one by one, it does not hard to find coefficients. Then
λR =
2
cDD
, λF =
−1
M2plcDD
, λF˜ =
−1
M2plcDD
Inserting these in Eq.(6.112),
S =
∫
d4x
√−g
{
M2plκ
2cDD + 3M
2
pla
−2 (a¨a+ a˙2)+ 3a−2
2
(
φ˙2 − a−2g2φ4
)
− 1
4
F νβFνβ − a
−2
4κ2cDD
[
8
(
a¨a+ 2a˙2
)
F 0iF0i −
(
a¨a− a˙2)F ijFij
+ 4a−2
(
a¨a+ 2a˙2
)
φ˙2 − a−4 (a¨a− a˙2) g2φ4]
− 3
32M2plκ
2cDD
F νβFνβF
ν
′
β
′
Fν′β′
+
a−2
8M2plκ
2cDD
[
8
(
φ˙2F 0iF0i + a
−2g2φ4FijF 0k
ij
k
)
−
(
3φ˙2 + a−2g2φ4
)
F ijFij
]
− 3a
−4
8M2plκ
2cDD
[
4φ˙4 − 5a−2g2φ˙2φ4 + a−4g4φ8
]}
(6.116)
This is the exact Born-Infeld-Riemann action in FRW background.
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6.3.1. Inflation from BIR?
To examine inflationary setup, let us set λF = 0. Then the action becomes,
S =
∫
d4x
√−g
{
M2plκ
2cDD + 3M
2
pla
−2 (a¨a+ a˙2)+ 3a−2
2
(
φ˙2 − a−2g2φ4
)
− a
−2
4κ2cDD
[
4a−2
(
a¨a+ 2a˙2
)
φ˙2 − a−4 (a¨a− a˙2) g2φ4]
− 3a
−4
8M2plκ
2cDD
[
4φ˙4 − 5a−2g2φ˙2φ4 + a−4g4φ8
]}
(6.117)
For
√−g and ∫ d4x, we can use Eq. (6.47)and (6.49) respectively. Then, we obtain
a theory which only depends on two scalar field, a(t) and φ(t). Moreover, let us label
κ2 = M2 where  = ±1
S =
∫
dt
{
ξ3a6M2M2plcDD + 3ξ
3a4M2pl
(
a¨a+ a˙2
)
+
3ξ3a4
2
(
φ˙2 − a−2g2φ4
)
− ξ
3a2
4κ2cDD
[
4
(
a¨a+ 2a˙2
)
φ˙2 − a−2 (a¨a− a˙2) g2φ4]
− 3ξ
3a2
8M2M2plcDD
[
4φ˙4 − 5a−2g2φ˙2φ4 + a−4g4φ8
]}
(6.118)
To understand the dynamics of the system, we should examine equations of the motions.
We have two dynamical variable which are scalar field φ(t) and scalar factor a(t). Let us
start with φ(t) . Effective Lagrange of the system is given as
Leff =
{
ξ3a6M2M2plcDD + 3ξ
3a4M2pl
(
a¨a+ a˙2
)
+
3ξ3a4
2
(
φ˙2 − a−2g2φ4
)
− ξ
3a2
4κ2cDD
[
4
(
a¨a+ 2a˙2
)
φ˙2 − a−2 (a¨a− a˙2) g2φ4]
− 3ξ
3a2
8M2M2plcDD
[
4φ˙4 − 5a−2g2φ˙2φ4 + a−4g4φ8
]}
(6.119)
By using Euler-Lagrange equation (see Appendix B)
d
dt
(
∂Leff
∂φ˙
)
− ∂Leff
∂φ
= 0 (6.120)
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Subsituting Eq. (6.120) in (6.119)
0 =
d
dt
[
3ξ3a4φ˙− 2ξ
2a3
M2cDD
(
a¨a+ 2a˙2
)
φ˙− 6ξ
3a2
M2M2plcDD
φ˙3 +
15ξ3
4M2M2plcDD
g2φ˙φ4
]
−
[
− 6ξ3a2g2φ3 + ξ
3
M2cDD
(
a¨a− a˙2) g2φ3 + 15ξ3
2M2M2plcDD
g2φ˙2φ3
− 3ξ
3a−2
M2M2plcDD
g4φ7
]
(6.121)
By taking derivative with respect to time,
0 = 3ξ3
(
4a3a˙φ˙+ a4φ¨
)
− 2ξ
3
M2cDD
[ (
a3
...
a + 3a2a˙a¨+ 4a˙3a+ 4a2a¨a˙
)
φ˙
+ a2
(
a¨a+ 2a˙2
)
φ¨
]
− 6ξ
3
M2M2plcDD
(
2a˙aφ˙3 + 3a2φ˙2φ¨
)
+
15g2ξ3
4M2M2plcDD
(
φ¨φ4 + 4φ˙2φ3
)
+ 6ξ3a2g2φ3 − ξ
3g2φ3
 M2cDD
(
a¨a− a˙2)
− 15ξ
3g2φ˙2φ3
2M2M2plcDD
+
3ξ3a−2g4φ7
M2M2plcDD
(6.122)
Dividing both sides with ξ3 and arranging all terms,
0 =
[
3a4 − 2a
2
M2cDD
(
a¨a+ 2a˙2
)− 18a2φ˙2
M2M2plcDD
+
15g2φ4
4M2M2plcDD
]
φ¨
− 12a˙a
M2M2plcDD
φ˙3 +
15g2φ3
2M2M2plcDD
φ˙2
+
[
12a3a˙− 2a
3...a
M2cDD
− 6a
2a˙a¨
M2cDD
− 8a˙
3a
M2cDD
]
φ˙
+
[
6g2a2 − g
2 (a¨a− a˙2)
M2cDD
]
φ3 − 3a
−2g4
M2M2plcDD
φ7 (6.123)
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This is the equation of φ(t). In this step, we should write the equation of motion in terms
of Hubble Parameter and its derivatives which are given in Eq.(6.5) and (6.9) respectively.
0 =
[
3a4 − 2a
4
M2cDD
(
H˙ + 3H2
)
− 18a
2φ˙2
M2M2plcDD
+
15g2φ4
4M2M2plcDD
]
φ¨
− 12a
2H
M2M2plcDD
φ˙3 +
15g2φ3
2M2M2plcDD
φ˙2
+
12a4H − 2a4
(
H¨ + 6H˙H + 8H3
)
M2cDD
 φ˙
+
[
6g2a2 − g
2a2H˙
M2cDD
]
φ3 − 3a
−2g4
M2M2plcDD
φ7 (6.124)
Now, we should be able to analysis whether the theory enables us to slow-roll inflation
or not. We explain inflationary model at the beginning of this chapter. As you see in
(Section 6.1), in the case of slow roll inflation, scalar field φ(t) should be vary slowly
with time. Thus we can avoid the term which contains derivatives of φ(t) in Eq.(6.124).
Then it becomes,
0 =
[
6a2g2 − a
2g2
M2cDD
H˙
]
φ3 +
3a−2
M2M2plcDD
g4φ7
Here, we can also avoid
a2g2
M2cDD
H˙ since it is so small due to M2. Then
0 = 6a2g2φ3 +
3a−2
M2M2plcDD
g4φ7 (6.125)
(
φ
a
)4
=
−2M2M2plcDD
g2
(6.126)
One can easily see that  should be −1.
After finding
(
φ
a
)4
in terms of M ,Mpl and g, let us find density and pressure of
the theory in case of perfect fluid (see §6.1). Density and pressure of the system is given
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in Eq. (6.65) (Maleknejad, 2011). Also by taking into account Eq. (6.117)
Leff =
{
M2M2plcDD + 3M
2
pla
−2 (a¨a+ a˙2)+ 3a−2
2
(
φ˙2 − a−2g2φ4
)
− a
−2
4M2cDD
[
4a−2
(
a¨a+ 2a˙2
)
φ˙2 − a−4 (a¨a− a˙2) g2φ4]
− 3a
−4
8M2plM
2cDD
[
4φ˙4 − 5a−2g2φ˙2φ4 + a−4g4φ8
]}
(6.127)
Thus,
∂Leff
∂φ˙
= 3a−2φ˙− 2a
−4
M2cDD
(
a¨a+ a˙2
)
φ˙− 6a
−4
M2M2pl
φ˙3 +
15a−6g2φ4
4M2M2pl
φ˙ (6.128)
By inserting Eq. (6.127) and (6.128) in (6.65),
ρ = −M2M2plcDD − 3M2pla−2
(
a¨a+ a˙2
)
+
3a−2
2
(
φ˙2 + a−2g2φ4
)
− a
−4
4M2cDD
[
4
(
a¨a+ 2a˙2
)
φ˙2 + a−2
(
a¨a− a˙2) g2φ4]
− 3a
−4
8M2M2plcDD
[
12φ˙4 + 5a−2g2φ˙2φ4 − a−4g4φ8
]
(6.129)
This is density which the theory enable us. To analyze inflation, we can replace a¨ and a˙2
with Hubble Parameter given in Eq. (6.5) and (6.9). Then ρ becomes
ρ = −M2M2plcDD − 3M2pl
(
H˙ + 2H2
)
+
3a−2
2
(
φ˙2 + a−2g2φ4
)
− a
−2
4M2cDD
[
4
(
H˙ + 3H2
)
φ˙2 + a−2g2φ4H˙
]
− 3a
−4
8M2M2plcDD
[
12φ˙4 + 5a−2g2φ˙2φ4 − a−4g4φ8
]
(6.130)
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To find P ,
a3Leff = a3M2M2plcDD + 3M2pla
(
a¨a+ a˙2
)
+
3a
2
(
φ˙2 − a−2g2φ4
)
− a
4M2cDD
[
4a−2
(
a¨a+ 2a˙2
)
φ˙2 − a−4 (a¨a− a˙2) g2φ4]
− 3a
−1
8M2plM
2cDD
[
4φ˙4 − 5a−2g2φ˙2φ4 + a−4g4φ8
]}
(6.131)
By inserting Eq. (6.131) in (6.65)
P = M2M2plcDD +M
2
pla
−2 (2a¨a+ a˙2)+ a−2
2
(
φ˙2 + a−2g2φ4
)
+
a−4
12M2cDD
[
8a˙2φ˙2 − a−2 (2a¨a− a˙2) g2φ4]
+
a−4
8M2M2plcDD
[
4φ˙4 − 15a−2g2φ˙2φ4 + 5a−4g4φ8
]
(6.132)
Also, we replace a¨ and a˙2 with Hubble Parameter given in Eq. (6.5) and (6.9) for P too.
Then it becomes
P = M2M2plcDD +M
2
pl
(
2H˙ + 3H2
)
+
a−2
2
(
φ˙2 + a−2g2φ4
)
+
a−2
12M2cDD
[
8H2φ˙2 − a−2
(
2H˙ +H2
)
g2φ4
]
+
a−4
8M2M2plcDD
[
4φ˙4 − 15a−2g2φ˙2φ4 + 5a−4g4φ8
]
(6.133)
Finally Eq. (6.130) and (6.133) is what our theory gives us as density and pressure of our
universe.
We find that density and pressure in terms of Hubble parameter in Eq. (6.13). If
we insert it in Eq. (6.130) and (6.133) we will have two equation which both of them only
depend on Hubble parameter. Hence Eq. (6.130) becomes,
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3M2pl = −M2M2plcDD − 3M2pl
(
H˙ + 2H2
)
+
3a−2
2
(
φ˙2 + a−2g2φ4
)
− a
−2
4M2cDD
[
4
(
H˙ + 3H2
)
φ˙2 + a−2g2φ4H˙
]
− 3a
−4
8M2M2plcDD
[
12φ˙4 + 5a−2g2φ˙2φ4 − a−4g4φ8
]
(6.134)
By arranging,
[
3M2pl +
a−2
4M2cDD
(
4φ˙2 + a−2g2φ4
) ]
H˙ +
[
9M2pl +
3a−2
M2cDD
φ˙2
]
H2
= −M2M2plcDD +
3a−2
2
[
φ˙2 + a−2g2φ4
]
− 3a
−4
8M2M2plcDD
[
12φ˙4 + 5a−2g2φ˙2φ4 + a−4g4φ8
]
(6.135)
By applying slow roll condition given in Eq.(6.17)
[
3M2pl +
a−2
4M2cDD
(
4η2H2φ2 + a−2g2φ4
) ]
H˙ +
[
9M2pl +
3a−2
M2cDD
η2H2φ2
]
H2
= −M2M2plcDD +
3a−2
2
[
η2H2φ2 + a−2g2φ4
]
− 3a
−4
8M2M2plcDD
[
12η4H4φ4 + 5a−2g2η2H2φ6 + a−4g4φ8
]
(6.136)
Since η << 1, we can neglect all terms which contains η. Then
[
3M2pl +
1
4M2cDD
g2
(
φ
a
)4 ]
H˙ + 9M2plH
2 = −M2M2plcDD +
3
2
g2
(
φ
a
)4
− 3
8M2M2plcDD
g4
(
φ
a
)8
(6.137)
and inserting Eq.(6.126),
5
2
H˙ + 9H2 =
−11
3
M2cDD (6.138)
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This is the equation given ρ under slow roll- conditions. We have another equation which
is P . We can follow the same procedure which is done for ρ. let us start with inserting
Eq. (6.13) in (6.133)
−M2pl
(
2H˙ + 3H2
)
= M2M2plcDD +M
2
pl
(
2H˙ + 3H2
)
+
a−2
2
(
φ˙2 + a−2g2φ4
)
+
a−2
12M2cDD
[
8H2φ˙2 − a−2
(
2H˙ +H2
)
g2φ4
]
+
a−4
8M2M2plcDD
[
4φ˙4 − 15a−2g2φ˙2φ4 + 5a−4g4φ8
]
(6.139)
and again arranging,
[
−4M2pl +
a−4
6M2cDD
g2φ4
]
H˙ +
[
−6M2pl −
a−2
12M2cDD
(
8φ˙2 − a−2g2φ4
)]
H2
= M2M2plcDD +
a−2
2
[
φ˙2 + a−2g2φ4
]
+
a−4
8M2M2plcDD
[
4φ˙4 − 15a−2g2φ˙2φ4 + 5a−4g4φ8
]
(6.140)
applying slow roll condition (Eq.(6.17)),
[
−4M2pl +
a−4
6M2cDD
g2φ4
]
H˙ +
[
−6M2pl −
a−2
12M2cDD
(
8η2H2φ2 − a−2g2φ4)]H2
= M2M2plcDD +
a−2
2
[
η2H2φ2 + a−2g2φ4
]
+
a−4
8M2M2plcDD
[
4η4H4φ4 − 15a−2g2η2H2φ6 + 5a−4g4φ8] (6.141)
and omitting terms with η
[
−4M2pl +
1
6M2cDD
g2
(
φ
a
)4 ]
H˙ +
[
−6M2pl −
1
12M2cDD
g2
(
φ
a
)4]
H2
= M2M2plcDD +
1
2
g2
(
φ
a
)4
+
5
8M2M2plcDD
g4
(
φ
a
)8
(6.142)
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inserting Eq. (6.126) in (6.142),
−13
3
H˙ − 37
6
H2 =
5
2
M2cDD (6.143)
In this step, to find H˙ and H2 in terms of M , the only thing we should do to solve Eq.
(6.138) and (6.143). Hence the solution is given below:
H2 =
−347
849
M2cDD & H˙ =
4
849
M2cDD (6.144)
At the beginning of this section, where we find
(
φ
a
)4
, we state that  = −1. By using
this argument
H2 =
347
849
M2cDD & H˙ =
−4
849
M2cDD (6.145)
In the end, our last step is to examine whether the theory gives us inflation or not. The
way to understand this is to find slow roll parameter ε. If ε is so small from 1, the theory
gives us inflation. Thus let us insert Eq. (6.145) in (6.16).
ε =
−H˙
H2
=
(−4
849
M2cDD
)
(
347
849
M2cDD
)
=
4
347
(6.146)
Then finally,
ε ' 0, 01 (6.147)
The result is Born-Infeld-Riemann Gravity with Non-Abelian Fields explains Inflation.
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CHAPTER 7
CONCLUSION
In this thesis work we have studied Born-Infeld type extensions of the GR. We
analyzed BIE known in literature with our own BIR extension. In the former the invariant
volume involves determinant of a rank-two tensor, in the latter a rank-four tensor. Their
implications can thus differ form each other.
In the thesis we have first given a general framework in which Abelian and Non-
Abelian fields mix with each other and with the background geometry. Here we have also
indicated how GR appears as a limiting case.
Then, we turned to the analysis of the inflationary cosmology. For successful
inflation we need universe to slowly roll down on flat potential of the inflaton. The inflaton
field here is provided by the SU(2) non-Abelian gauge field. We find that this gauge-
inflation is successfully realized in BIR but not in BIE. Inflation thus provides an explicit
example of the difference between two extensions.
The Abelian-Non Abelian mixing gives rise to photon emission during inflation.
This process is exceedingly slow, and its effects can be hard to detect. In this thesis study
we have not been able to analyze this point in the depth it requires.
The major result of the thesis is that, when we consider both BIE and BIR in ho-
mogeneous, isotropic and spatially flat backgrounds, the BIR explains inflationary phase
while BIE does not. Therefore not only electromagnetism and SU(2) Yang-Mills theory
but also inflaton itself is embedded in geometry.
74
REFERENCES
Banados M., 2008: Eddington-Born-Infeld action for Dark Energy and Dark Matter,
[arXiv: hep-ph/ 0801.4103v5]
Beisert N., 2013: Quantum Field Theory II, ETH Zurich.
Born M. and Infeld L., 1934: Foundations of the New Field Theory. Proc. Roy. Soc.
A144, 425-451.
Carroll S. M., 2004: Spacetime and geometry: An introduction to general relativity.
San Francisco, USA: Addison-Wesley, 513 pp.
Deser S. et al., 1998: Born-Infeld-Einstein Actions? Class. Quant. Grav. 15, L35
(1998), [arXiv:hep-th/9803049].
Eddington A. S., 1924: The Mathematical Theory of Relativity(CUP 1924).
Enberg R., 2013: Advanced Particle Physics: Lecture notes on Gauge Theory.
Escobar D., 2012: Born-Infeld Type Modification of the Gravity. [arXiv:physics.gen-
ph/1209.6559v4]
Griffiths D., 1999: Introduction to Electrodynamics. ISBN: 0-13-805326-X.
Griffiths D., 1987: Introduction to Elementary Particles. ISBN 0-471-60386-4.
Guth A., 1980: Inflationary Universe: A Possible Solution to the Flatness and Horizon
Problem. Phys. Review D, 23,2 (1981).
Hubble E., 1929: A Relation between Distance and Radial Velocity among Extra-
Galactic Nebulae. 10.1073/pnas.15.3.168
Karahan C. N., 2010: Conformal Transformations in Metric-Affine Gravity. IZTECH.
Koerber P., 2004: Abelian and non-Abelian D-brane Effective Actions. [arXiv:hep-
th/0405227v2].
Lewis C., 2009: Explicit Gauge Covariant Euler-Lagrange Equation.
Am.J.Phys.77:839-843,2009, [arXiv:physics.class-ph/0907.2301v2]
Makeenko Y. M., 1996: Introduction to Gauge Theory, Lectures at ITEP Winter
School.
75
Maleknejad, A. et al. Gauge Flation: Inflation from Non-Abelian Gauge Fields.
[arXiv:1102.1513 [hep-ph]].
Nieto J. A., 2004: Born-Infeld Gravity in any dimension, [arXiv:hep-th/0402071v2].
Riotto A., 2002: Inflation and The Theory of the Cosmological Perturbations. Lectures
given at the Summer School on Astroparticle Physics and Cosmology.
Quigg C., 1983: Gauge Theories of the strong, weak and electromagnetic Interactions.
ISBN: 0-201-32832-1
Soysal S., 2012: Born-Infeld-Riemann Gravity. IZTECH.
Stelle K. S., 1978: Gen. Rel. Grav. 9 (1978) 353.
Vaudrevange P., 2010: Slow roll Inflation
Weinberg S., 1972: Gravitation and Cosmology: Principles and Applications of the
General Theory of Relativity. ISBN 0-471-92567-5
Wohlfarth M. N. R., 2004: Gravity a la Born-Infeld. Class. Quantum Grav. 21, 1927-
1939
76
APPENDIX A
METRIC THEORY OF GRAVITATION
The most fundamental formulation of General Relativity (GR) was suggested by
Einstein in 1916 and it was called as metrical formulation of Gravity. Naturally, modifica-
tions of the GR has been done since that time and mainly these are called as Metric-Affine
gravity and Affine gravity. However, in this thesis we have followed the Einstein’s route.
Therefore, all of calculations given in this thesis was made by using Metrical theory of
Gravity.
According to Einstein’s formulation of GR, spacetime is a differentiable manifold,
and metric tensor, which is symbolized as gαβ , is responsible for curving and twirling of
the spacetime (Carroll, 2004). This is just a collection of clocks and rulers needed for
measuring distances and angles.
If one wants to examine any smooth manifold in a general framework, it obtains
two independent dynamical objects: metric tensor and connection- connection is a guiding
force for geodesic motion. However, in the light of Metrical theory of gravity, metric
tensor is the most important concept since all of the notions including connection are
related to itself. Connection can be written in terms of metric tensor just as given below:
Γλαβ =
1
2
gλρ (∂αgβρ + ∂βgρα − ∂ρgαβ) (A.1)
which is especially known as the Levi-Civita connection. Since metric tensor is symmet-
ric, it is also symmetric in lower indices (Carroll, 2004) (Weinberg, 1972). Hence, as
you see in Eq.(A.1), GR is described by a single variable and it is the metric tensor.
The main success of General relativity is to define of curvature of spacetime.
Spacetime curvature is basically related to the connection of smooth manifold.
Rλαµβ = ∂µΓ
λ
βα − ∂βΓλµα + ΓλµτΓτβα − ΓλβτΓτ µα (A.2)
Then, since connection depends on metric tensor, not only connection on smooth man-
ifold, but also curvature is related to the metric tensor. By using Kronecker delta δµν
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and metric tensor gµν we obtain different forms of Curvature tensor. Let us write these
respectively. The first form is also called as Ricci Tensor.
Rαβ = R
λ
αµβδ
µ
λ
= Rλαλβ (A.3)
The other is obtained by using Ricci Tensor and called as Ricci Scalar or Scalar Curvature:
R = gαβRαβ (A.4)
These are the fundamental equations of General Relativity.The field equations of GR are
obtained by varying the Einstein-Hilbert action which is
S [g] =
∫
d4x
√−g
{
1
2
M2PlR(g) + Lmat (g, ψ)
}
(A.5)
Since this action only depends on metric tensor, variation is only taken with respect to it.
Here, MPl = (8piGN)−1/2 is the Planck scale or the fundamental scale of gravity.
Variation of equation Eq.(A.5) gives the Einstein equations of gravitation
Rµν − 1
2
Rgµν =
1
M2Pl
Tµν (A.6)
whose right-hand side
Tµν =
δ
δgµν
Smat [g, ψ] (A.7)
is the energy-momentum tensor of matter and radiation. Here,
S [g] =
∫
d4x
√−gLmat (g, ψ) (A.8)
is the action of the matter and radiation fields ψ. The curvature scalar and matter La-
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grangian Lmat both involve the same metric tensor gµν .
It is important to that the field equations (A.6) arises from the gravitational action
(A.5) by adding an extrinsic curvature term. The reason is that, curvature scalar R(g)
involves second derivatives of the metric tensor, and in applying the variational equations
it is not sufficient to specify δgµν at the boundary. One must also specify its derivatives
δ∂αgµν at the boundary. This additional piece does not admit construction of the Einstein-
Hilbert action directly; one adds a term (extrinsic curvature) to cancel the excess term.
The metric formalism is the most common approach to gravitation because equiva-
lence principle is automatic, geodesic equations are plain, and tensor algebra is simplified
(metric tensor is covariantly constant). Equivalence principle means that gravitational
force acting on a point mass can be altered by choosing an accelerated (non-inertial) co-
ordinate system. In other words, there is always a frame where connection can be set to
zero. This point corresponds to a locally-flat coordinate system. The curvature tensor in-
volves both Levi-Civita connection and its derivatives, and making the connection vanish
does not mean that curvature vanishes.
On the other hand, experiments and observation show that, our universe is ho-
mogeneous, isotropic and locally flat. These properties can be achieved by FRW metric
tensor which is
ds2 = −dt2 + a(t)2
[
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdφ2
)]
(A.9)
in spherical coordinates. Here,
• k < 0 corresponds to open universe
• k = 0 corresponds to (spatially) flat universe
• k > 0 corresponds to closed universe
In this thesis we work on locally flat spacetime and so we set k = 0 then also in Cartesian
coordinates,
ds2 = −dt2 + a(t)2δijdxidxj (A.10)
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By inserting this metric tensor into the Ricci tensor and Ricci Scalar, we obtain
R00 =
−3a¨
a
R0i = 0
Rij =
(
a¨a+ 2a˙2
)
δij
R = 6
(
a¨
a
+
a˙2
a2
)
(A.11)
As a consequence, metrical theory of gravity is the most fundamental theory and contains
only one dynamical variable which is metric tensor. Thus all notions are related to metric
tensor. In FRW universe, metric tensor defined by scalar factor a(t) which is related o the
radius of the universe. Then curvature tensor is also related to the scalar factor and its first
and second derivatives.
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APPENDIX B
CLASSICAL FIELD THEORY
In this step we examine how the equations of motions are obtained. In the stage
of understanding the dynamics of theories, the most important role is played by equations
of motions. In classical field theory, the way of finding equations of motion is called
variational method. So, we should firstly explain variational method. To achieve this aim,
let us consider a Lagrangian density L(φ, φ˙) where the action is given as;
S =
∫
dtL =
∫
d4xL (φi, ∂µφi) (B.1)
By considering small variation in this field;
φi → φi + δφi
∂µφ
i → ∂µφi + δ(∂µφi) = ∂µφi + ∂µ(δφi) (B.2)
Lagrangian Density varies;
L(φi, ∂µφi)→ L(φi + δφi, ∂µφi + ∂µ(δφi)) (B.3)
thus action varies by virtue of this small variation S → S + δS. Hence;
δS =
∫
d4x
[
∂L
∂φi
− ∂µ
(
∂L
∂∂µφi
)]
(B.4)
We assume that φi is the same at the end points of the integral. Thus, by using this
assumption, we conclude that δS should be zero. On the other hand δφi should be different
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from zero. Thus the only choice to obtain δS = 0 is
∂L
∂φi
− ∂µ
(
∂L
∂∂µφi
)
= 0 (B.5)
This equation is called as Euler-Lagrange Equation and it leads to field equations (Carroll,
2004). Therefore, by using variational principle, we obtain the equation of motion for a
Lagrangian which has one dynamical variable such as metrical theory of gravity.
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